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A BICATEGORY OF REDUCED ORBIFOLDS FROM THE
POINT OF VIEW OF DIFFERENTIAL GEOMETRY - I
MATTEO TOMMASINI
Abstract. We describe a bicategory (RedOrb) of reduced orbifolds in the
framework of classical differential geometry (i.e. without any explicit reference
to notions of Lie groupoids or differentiable stacks, but only using orbifold atla-
ses, local lifts and changes of charts). In order to construct such a bicategory,
we first define a 2-category (RedAtl) whose objects are reduced orbifold atla-
ses (on any paracompact, second countable, Hausdorff topological space). The
definition of morphisms is obtained as a slight modification of a definition by
A. Pohl, while the definitions of 2-morphisms and compositions of them is new
in this setup. Using the bicalculus of fractions described by D. Pronk, we are
able to construct the bicategory (RedOrb) from the 2-category (RedAtl).
We prove that (RedOrb) is equivalent to the bicategory of reduced orbifolds
described in terms of proper, effective, étale Lie groupoids by D. Pronk and
I. Moerdijk and to the 2-category of reduced orbifolds described by several au-
thors in the past in terms of a suitable class of differentiable Deligne-Mumford
stacks.
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Introduction
A well-known issue in mathematics is that of modeling geometric objects where
points have non-trivial groups of automorphisms. In topology and differential geo-
metry the standard approach to these objects (when each point has a finite group
of automorphisms) is through orbifolds. This concept was formalized for the first
time by Ikiro Satake in 1956 in [Sa] with some different hypotheses than the current
ones, although the informal idea dates back at least to Henri Poincaré (for example,
see [Poi]). Currently there are at least 3 main approaches to orbifolds:
(1) via orbifold atlases and “good maps” between them, as described in [CR],
(2) via a class of Lie groupoids, namely proper, étale groupoids (see for exam-
ple [Pr], [M] and [MM]),
(3) via a class of C∞-Deligne-Mumford stacks (see for example [J1] and [J2]).
On the one hand, the approach in (1) gives rise to a 1-category. On the other hand,
the approach in (2) gives rise to a bicategory (i.e. almost a 2-category, except that
compositions of 1-morphisms is associative only up to canonical 2-morphisms) and
the approach in (3) gives rise to a 2-category. It was proved in [Pr] that (2) and
(3) are equivalent bicategories. Since (2) and (3) are compatible approaches, then
one might argue that:
(i) there should also exist a non-trivial structure of 2-category or bicategory ha-
ving as objects orbifold atlases or equivalence classes of them (i.e. orbifold
structures);
(ii) the structure of (i) should be compatible with the approaches of (2) and (3)
and it should replace the approach of (1) (since (1) gives rise only to a category
instead of a 2-category or bicategory).
In the present paper we manage to prove both (i) and (ii) for the family of all
reduced orbifolds, i.e. orbifolds that are locally modeled on open connected sets of
some Rn, modulo finite groups acting smoothly and effectively on them. In order
to do that, we proceed as follows.
• We describe a 2-category (RedAtl) whose objects are reduced orbifold atlases
on any paracompact, second countable, Hausdorff topological space. The defini-
tion of morphisms is obtained as a slight modification of an analogous definition
given by Anke Pohl in [Po], while the notion of 2-morphisms (and compositions
of them) is new in this setup (see Definitions 1.11 and 1.21). Such notions are
useful for differential geometers mainly because they don’t require any previous
knowledge of Lie groupoids and/or differentiable stacks. In Proposition 3.4 we
will prove that (RedAtl) is a 2-category, but it is still not the structure that we
want to get in (i); indeed in (RedAtl) different orbifold atlases that represent
the same orbifold structure are not related by an isomorphism neither by an
internal equivalence.
• We recall briefly the definition of the 2-category (PEE´ Gpd), whose objects are
proper, effective, étale groupoids and we describe in Theorem 4.18 a 2-functor
F red : (RedAtl) −→ (PEE´ Gpd).
• In [Pr] Dorette Pronk proved that the set WPEE´ Gpd of all Morita equivalences
(also known as weak equivalences or essential equivalences) in (PEE´ Gpd) ad-
mits a right bicalculus of fractions. Roughly speaking, this amounts to saying
that it is possible to construct a bicategory (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
and a pseu-
dofunctor
UW
PEE´ Gpd
: (PEE´ Gpd) −→ (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
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that sends each weak equivalence to an internal equivalence and that is universal
with respect to this property (see Proposition 5.9). The bicategory obtained in
this way is the bicategory that we mentioned in (b) above if we restrict to the
case of reduced orbifolds.
• In (RedAtl) we consider a class WRedAtl of morphisms (that we call “refine-
ments” of reduced orbifold atlases, see Definition 6.1) and we prove that such a
class admits a right bicalculus of fractions. Therefore, we are able to construct
a bicategory (RedOrb) and a pseudofunctor
UWRedAtl : (RedAtl) −→ (RedOrb) := (RedAtl)
[
W−1RedAtl
]
that sends each refinement to an internal equivalence and that is universal with
respect to this property (see Proposition 7.1). Objects in this new bicategory
are again reduced orbifold atlases; a morphism from an atlas X to an atlas Y
is a triple consisting of a reduced orbifold atlas X ′, a refinement X ′ → X and a
morphism X ′ → Y. In other terms, a morphism from X to Y is given firstly by
replacing X with a “refined” atlas X ′ (keeping track of the refinement), then by
considering a morphism from X ′ to Y. We refer to Lemma 7.8 for the description
of 2-morphisms in this bicategory.
• Using the axiom of choice and the results about bicategories of fractions that
we proved in our previous papers [T3] and [T4], we are able to prove that:
Theorem A (Proposition 8.2 and Theorem 8.4). There is an equivalence of
bicategories G red making the following diagram commute:
(RedAtl) (PEE´ Gpd)
(RedOrb) (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
.
yUWRedAtl
G red
UW
PEE´ Gpd
F red
This proves that the approach described in (RedOrb) is compatible with the ap-
proach (2) to reduced orbifolds in terms of proper, effective, étale Lie groupoids.
Since (2) and (3) are equivalent approaches by [Pr], this implies at once that:
Theorem B (Theorem 9.1). (RedOrb) is equivalent to the 2-category (Orbeff )
of effective orbifolds described as a full 2-subcategory of the 2-category of C∞-
Deligne-Mumford stacks.
Even if we will not use explicitly the language of stacks in all this paper, we think
that it is important to remark the following 2 facts:
• in the language of (differentiable) stacks, the notion of objects is long and com-
plicated to be stated precisely: it requires the notion of pseudofunctor (or the
notion of category fibered in groupoids), Grothendieck topology and descent
conditions. Having described that, morphisms (and 2-morphisms) are almost
straightforward to define and the resulting structure is that of a 2-category;
• in the language used in the present paper (that is mostly intended to be used
by differential geometers), objects are very easy to describe: they are simply
reduced orbifold atlases; as we mentioned above, also morphism are easy to
describe. On the contrary, the definitions of 2-morphisms between such objects
will be a bit longer (see Lemma 7.8) and the resulting structure will be that of a
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bicategory (hence composition of morphisms is associative only up to canonical
2-morphisms).
To summarize, this paper provides a suitable bicategory of reduced orbifolds, that
is equivalent to the already known bicategories of reduced orbifolds that are stan-
dard in the literature. Its main advantage is that its objects are reduced atlases,
so it gives a description that is closer to classical differential geometry than the
descriptions (2) and (3) given in terms of Lie groupoids or differentiable stacks.
In the literature there are already other attempts to define morphisms of (reduced)
orbifolds in terms that are useful for differential geometers:
(a) the “smooth maps” defined for example in [ALR, Definition 1.3];
(b) the “good maps” described by Weimin Chen and Yongbin Ruan in [CR];
(c) the orbifold maps described by Anke Pohl (only for the reduced case) in [Po].
The maps in (a) were the first ones to be defined, but it turned out that they
were not good enough: in general one could not pullback orbifold vector bundles
along such maps (and in the case when this was possible, the pullback was not
unique up to isomorphism). This led Chen and Ruan to introduce the concept of
good maps. Such maps proved to be good enough in order to define pullbacks of
orbifold vector bundles (and fiber products under some assumptions), and they are
currently frequently used in mathematical physics and differential geometry when
dealing with orbifolds. However, they are bad-behaved for the following 2 reasons:
• not all smooth maps of manifolds are good maps;
• fiber products (when they exist) do not have the universal property of fiber
products in a category; in particular, pullbacks of orbifold vector bundles do
not have the universal property.
The first problem is just a technical mistake in the definition of good maps, and
it can be corrected without much trouble by simply relaxing a bit the technical
assumptions on good maps. However, the second problem is much worse and it
cannot be corrected easily. We will exhibit examples of both bad behaviors in the
next paper [T6].
The definition given in (c) solves the first problem (but not the second one). How-
ever, composition of morphisms is not well-defined in [Po] (we will show also this
fact in [T6]).
Both in case (b) and in case (c), the bad problems quickly mentioned above are a
consequence of completely ignoring the fact that orbifolds have much more structure
than that of a usual 1-category. Actually, Theorem B proves that (RedOrb) has
a non-trivial structure of bicategory because it is equivalent to (Orbeff ) (that has
a non-trivial structure of 2-category). In [T6] we will prove that the bad behaviors
of (b) and (c) are given by the following reasons.
• The category (b) of reduced orbifolds with good maps is equivalent to the ho-
motopy category of (RedOrb), i.e. the 1-category obtained by identifying any
pair of 1-morphisms of (RedOrb) whenever there is an invertible 2-morphism
between them. Now the problem is the following: given any weak fiber product
in a non-trivial bicategory B, the corresponding commutative square in the
homotopy category Ho(B) not necessarily have the universal property of fiber
products in a 1-category. This leads to all the problems mentioned above for
fiber products of good maps in (b). On the contrary, we will show in [T5] that
weak pullbacks of vector bundles in (RedOrb) have the universal property of
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• The definition of maps according to Pohl is obtained in 2 steps. First of all,
one gets a notion of “representative” of map, that corresponds to the notion of
1-morphism in (PEE´ Gpd); the 1-category C obtained in this way has objects
given by reduced orbifold atlases. Since Pohl wants to identify orbifold atlases
that give the same orbifold structure, she has to construct a new 1-category
C , where morphisms are equivalence classes of the “representatives” mentioned
above. The way used by Pohl for identifying morphisms takes into account a
certain class of commutative diagrams of (PEE´ Gpd), without considering the
existence of 2-commutative diagrams. Because of that, one gets that composition
of morphisms in C is not well-defined. The problem can be solved by quotienting
the set of morphisms in C by a bigger equivalence relation (taking into account
the role played by 2-morphisms). In this way one would get a 1-category C˜ ,
that is equivalent to the homotopy category of (RedOrb). As such, C˜ would
solve the bad-behaved definition of composition given by Pohl, but it would still
carry the problems about fiber products mentioned before for (b).
To summarize, both the category constructed by Chen-Ruan (in the reduced case)
and the one defined by Pohl have some serious drawbacks, mainly induced by ig-
noring the crucial role played by 2-morphisms. On the contrary, the bicategory
(RedOrb) constructed in the present paper solves such problems (and it is equi-
valent to the standard approach to reduced orbifolds because of Theorems A and B).
Apart from that, only one important problem remains open: we have described a
bicategory structure that solves problems (i) and (ii) by restricting to the case of
reduced orbifolds. Is it possible to give an analogous description of a bicategory
(Orb) also in the more general case of (possibly) non-reduced orbifolds? Since the
bicategories of (2) and (3) are defined (and equivalent) also in this more general
setup, in principle this should be possible, but it seems that this will require much
more work.
1. Reduced orbifold atlases
Let us review some basic definitions about reduced orbifolds.
Definition 1.1. [MP, § 1] Let X be a paracompact, second countable, Hausdorff
topological space and let X ′ ⊆ X be open and non-empty. Then a reduced orbifold
chart (also known as reduced uniformizing system) of dimension n for X ′ is the
datum of:
• a connected open subset X˜ of Rn;
• a finite group G of smooth automorphisms of X˜;
• a continuous, surjective and G-invariant map π : X˜ → X ′, which induces an
homeomorphism between X˜/G and X ′, where we give to X˜/G the quotient
topology (in particular, π is an open map).
For every point x˜ ∈ X˜, we denote by Stab(G, x˜) the stabilizer of x˜ in G.
Remark 1.2. We will always assume that G acts effectively; the orbifolds that
have this property are usually called reduced or effective. Some of the current
literature on orbifolds assumes that X˜ is only a connected smooth manifold of
dimension n instead of an open connected subset of Rn. This makes a difference for
the definition of charts, but the arising notion of orbifold is not affected by that.
To be more precise, to any orbifold atlas (see below) where the X˜’s are connected
smooth manifolds of dimension n, one can associate easily another orbifold atlas
where the X˜’s are open connected subsets of Rn and the 2 orbifold atlases give rise
to the same orbifold structure (see below).
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The following definition is a special case of [Po, § 2.1].
Definition 1.3. Let us fix any pair of reduced charts (X˜1, G1, π1) and (X˜2, G2, π2)
for subsets X1, X2 of X . Then a change of charts from (X˜1, G1, π1) to (X˜2, G2, π2)
is any diffeomorphism λ : Y˜1
∼
→ Y˜2 such that:
• Y˜1 is any connected component of π
−1
1 (Y ) for some open non-empty subset Y
of X1 (since the action of G1 on X˜1 permutes such connected components, then
π1(Y˜1) = Y );
• Y˜2 is an open subset of X˜2;
• π2 ◦ λ = π1|Y˜1 .
Using [MP, Lemma A.2] and the fact that λ is a diffeomorphism, it turns out that
Y is contained also in X2 and that Y˜2 is a connected component of π
−1
2 (Y ). So the
inverse of any change of charts is again a change of charts. If λ is any change of
charts, we denote by domλ its domain and by codλ its codomain. If x˜ ∈ domλ,
then germx˜ λ denotes the germ of λ at x˜. An embedding is any change of charts
λ as before, such that domλ = X˜1. 2 charts as before are called compatible if for
each pair x˜1 ∈ X˜1, x˜2 ∈ X˜2 with π1(x˜1) = π2(x˜2), there exists a change of charts
λ from (X˜1, G1, π1) to (X˜2, G2, π2), with x˜1 ∈ domλ. Up to composing λ with an
element of G2, this is the same as requiring that there exists a change of charts λ
such that x˜1 ∈ domλ and λ(x˜1) = x˜2.
Remark 1.4. Let us suppose that we have any change of charts λ : Y˜1 → Y˜2
from (X˜1, G1, π1) to (X˜2, G2, π2). Then let us fix any point g1 ∈ G1 and let us
suppose that g1(Y˜1)∩Y˜1 6= ∅; by the hypothesis on Y˜1, we conclude that necessarily
g1(Y˜1) = Y˜1. Therefore we can consider the subgroup of G1:
G1(Y˜1) := {g1 ∈ G1 s.t. g1(Y˜1) ∩ Y˜1 6= ∅} = {g1 ∈ G1 s.t. g1(Y˜1) = Y˜1}.
By [MM, Lemma 2.10], we have that the group G1(Y˜1) acts effectively on Y˜1, so the
triple (Y˜1, G1(Y˜1), π1|Y˜1) is a reduced orbifold chart; moreover, λ can be considered
as an embedding from (Y˜1, G1(Y˜1), π1|Y˜1) to (X˜2, G2, π2).
Using Remark 1.4, the following definition is equivalent to [MP, § 1].
Definition 1.5. Let X be a paracompact, second countable, Hausdorff topo-
logical space; a reduced orbifold atlas of dimension n on X is any family X =
{(X˜i, Gi, πi)}i∈I of reduced orbifolds charts of dimension n, such that:
(i) the family {Xi := πi(X˜i)}i∈I is an open cover of X ;
(ii) every pair of charts in X is compatible.
Given any orbifold atlas X as before and any pair (i, i′) ∈ I × I, we denote by
Ch(X , i, i′) the set of all changes of charts λ from (X˜i, Gi, πi) to (X˜i′ , Gi′ , πi′) and
we set Ch(X ) :=
∐
(i,i′)∈I×I Ch(X , i, i
′).
Definition 1.6. [MP, § 1] Let X and X ′ be reduced orbifold atlases for the same
topological space X . We say that they are equivalent if their union is again an
orbifold atlas for X , i.e. if and only if any chart of X is compatible with any chart
of X ′; a reduced orbifold structure of dimension n on X is any equivalence class
with respect to compatibility of atlases. A reduced orbifold of dimension n is any
pair (X, [X ]) consisting of a paracompact, second countable, Hausdorff topological
space X and a reduced orbifold structure [X ] on X . Any atlas in [X ] is called a
reduced orbifold atlas for (X, [X ]). The notion of being compatible gives also rise
to a partial order on the set of reduced orbifold atlases for X ; it turns out that
given any reduced orbifold atlas there is exactly one maximal atlas associated to it
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with respect of this definition, so a reduced orbifold structure can be equivalently
defined as a maximal reduced orbifold atlas.
Definition 1.7. [CR, § 4.1] Let f : X → Y be any continuous map between
topological spaces and let X ′ ⊆ X and Y ′ ⊆ Y be open subsets such that f(X ′) ⊆
Y ′. Let us suppose that there are reduced orbifold charts (X˜,G, π) for X ′ and
(Y˜, H, χ) for Y ′. Then a local lift of f with respect to these 2 charts is any smooth
map f˜ : X˜ → Y˜ , such that χ ◦ f˜ = f ◦ π.
Definition 1.8. Let us fix any reduced orbifold atlas X as before and let P be any
subset of Ch(X ). We say that P is a good subset of Ch(X ) if the following property
holds:
(GS) for each λ ∈ Ch(X ) and for each x˜ ∈ domλ there exists λˆ ∈ P such that
x˜ ∈ dom λˆ and germx˜ λ = germx˜ λˆ.
Since P is a subset of Ch(X ), for each (i, i′) ∈ I×I we write for simplicity P (i, i′) :=
P ∩ Ch(X , i, i′) and P (i,−) :=
∐
i′∈I P (i, i
′).
Remark 1.9. In the notations of [Po], (GS) is the condition that P generates the
pseudogroup Ch(X ) inside the larger pseudogroup Ψ(X ) defined and used in [Po];
such a pseudogroup is obtained by taking into account all changes of charts of X
with a more general definition than the one used in the present paper. In [Po]
there are other 2 technical conditions (axioms of “quasi-pseudogroup”), but they
are implied by (GS) in our case, so we can omit them. Under this remark, our
definition of morphism of orbifold atlases X → Y (Definition 1.10 and 1.11 below) is
equivalent to the definition of “orbifold map with domain atlas X and range atlas Y”
stated in [Po, Definitions 4.4 and 4.10]. To be more precise, our “representatives of
morphisms” (Definition 1.10 below) are a subset of the representatives given in [Po,
Definitions 4.4], but the sets of equivalence classes described in Definition 1.11 and
in [Po, Definition 4.10] will be the same.
Definition 1.10. Let us fix any pair of reduced orbifold atlasesX = {(X˜i, Gi, πi)}i∈I
and Y = {(Y˜j , Hj , χj)}j∈J for X and Y respectively. Then a representative of a
morphism from X to Y is any tuple fˆ := (f, f , {f˜i}i∈I , Pf , νf) that satisfies the
following conditions:
(M1) f : X → Y is any continuous map;
(M2) f : I → J is any set map such that f(πi(X˜i)) ⊆ χf(i)(Y˜f(i)) for each i ∈ I;
(M3) for each i ∈ I, the map f˜i is a local lift of f with respect to the orbifold
charts (U˜i, Gi, πi) ∈ X and
(
V˜f(i), Hf(i), χf(i)
)
∈ Y;
(M4) Pf is any good subset of Ch(X );
(M5) νf : Pf → Ch(Y) is any set map that assigns to each λ ∈ Pf (i, i
′) a change
of charts νf (λ) ∈ Ch(Y, f(i), f(i
′)), such that:
(a) dom νf (λ) is an open set containing f˜i(domλ),
(b) cod νf (λ) is an open set containing f˜i′(codλ),
(c) f˜i′ ◦ λ = νf (λ) ◦ f˜i|domλ,
(d) for all i ∈ I, for all λ, λ′ ∈ Pf (i,−) and for all x˜i ∈ domλ ∩ domλ
′ with
germx˜i λ = germx˜i λ
′, we have
germ
f˜i(x˜i)
νf (λ) = germf˜i(x˜i) νf (λ
′),
(e) for all (i, i′, i′′) ∈ I3, for all λ1 ∈ Pf (i, i
′), for all λ2 ∈ Pf (i
′, i′′) and for
all x˜i ∈ λ
−1
1 (codλ1 ∩ domλ2), we have
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germ
f˜i′ (λ1(x˜i))
νf (λ2) · germf˜i(x˜i) νf (λ1) = germf˜i(x˜i) νf (λ3),
where λ3 is any element of Pf (i, i
′′) such that germx˜i λ3 = germx˜i λ2 ◦λ1
(it exists by (GS)),
(f) for all i ∈ I, for all λ ∈ Pf (i, i) and for all x˜i ∈ domλ such that
germx˜i λ = germx˜i idX˜i , we have
germ
f˜i(x˜i)
νf (λ) = germf˜i(x˜i) idY˜f(i)
.
Definition 1.11. Given 2 representatives of morphisms from X = {(X˜i, Gi, πi)}i∈I
to Y = {(Y˜j , Hj , χj)}j∈J as follows:
fˆ =
(
f, f,
{
f˜i
}
i∈I
, Pf , νf
)
and fˆ ′ :=
(
f ′, f
′
,
{
f˜ ′i
}
i∈I
, Pf ′ , νf ′
)
,
we say that fˆ is equivalent to fˆ ′ if and only if f = f ′, f = f
′
, f˜i = f˜
′
i for all i ∈ I,
and
germ
f˜i(x˜i)
νf (λ) = germf˜i(x˜i) νf ′(λ
′) (1.1)
for all i ∈ I, for all λ ∈ Pf (i,−), λ
′ ∈ Pf ′(i,−) and for all x˜i ∈ domλ ∩ domλ
′
with germx˜i λ = germx˜i λ
′. This defines an equivalence relation (it is reflexive by
(M5d)). The equivalence class of fˆ will be denoted by
[fˆ ] =
(
f, f ,
{
f˜i
}
i∈I
, [Pf , νf ]
)
: X −→ Y (1.2)
and it is called a morphism of reduced orbifold atlases from X to Y over the conti-
nuous map f : X → Y .
Lemma 1.12.
(i) given any reduced orbifold chart (X˜,G, π) on any topological space and any
change of charts λ from (X˜,G, π) to itself, there is a unique g ∈ G such that
λ = g|domλ;
(ii) let us fix any pair of reduced orbifold atlases X := {(X˜i, Gi, πi)}i∈I and Y :=
{(Y˜j , Hj, χj)}j∈J and any morphism as in (1.2); for each i ∈ I there is a
group homomorphism f˙i : Gi → Hf(i), such that for each λ ∈ Pf (i, i) we have
that νf (λ) = f˙i(gi)|dom νf (λ), where gi is the unique element of Gi as in (i);
(iii) for each i ∈ I and for each gi ∈ Gi we have f˜i ◦ gi = f˙i(gi) ◦ f˜i.
Proof. Since domλ is connected, claim (i) is a straightforward consequence of [MP,
Proposition A.1]. Now let us fix any representative (Pf , νf ) for [Pf , νf ], any gi ∈ Gi
and any point x˜i ∈ X˜i; since Pf satisfies condition (M4), then there exists a (in
general non-unique) λ ∈ Pf (i, i) such that x˜i ∈ domλ and λ = gi|domλ (a priori,
the second condition holds only in a neighborhood X˜ ′ of x˜i in domλ; by (i) we
conclude that the same relation holds everywhere on domλ). By (i) applied on Y,
we get that νf (λ) is the restriction of a unique object f˙i(gi, x˜i, λ) in Hf(i).
We claim that f˙i(gi, x˜i, λ) does not depend on x˜i or λ (but only on gi and on
(Pf , νf)). So let us fix another point x˜
′
i ∈ X˜i and another λ
′ ∈ Pf such that
x˜′i ∈ domλ
′ and λ′ = gi|domλ′ . Since X˜i is connected by definition of reduced
orbifold chart, then there exists a continuous path γ : [0, 1] → X˜i, which joins
x˜i and x˜
′
i. For any t ∈ ]0, 1[ , we choose λt ∈ Pf such that γ(t) ∈ domλt and
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λt = gi|domλt . By compactness, we can cover γ([0, 1]) by a finite number of open
sets {domλtl}l=1,··· ,r and we can also assume that domλtl intersects domλtl+1 for
each l = 1, · · · , r − 1. For each l, using (i) we get that νf (λtl) is the restriction of
a unique object f˙(gi, γ(t
l), λtl) in Hf(i). This proves that for each l = 1, · · · , r − 1
we have f˙i(gi, γ(t
l), λtl) = f˙(gi, γ(t
l+1), λtl+1), which implies that f˙i(gi, x˜i, λ) =
f˙i(gi, x˜
′
i, λ
′). Therefore, we have proved that f˙ is a well-defined set map from Gi to
Hf(i), which depends only on (Pf , νf ). The fact that f˙i is a group homomorphism
is a simple consequence of conditions (M5e) and (M5f). Using (1.1), f˙i does not
depend on the representative (Pf , νf ) chosen for [Pf , νf ]. Claim (iii) is a direct
consequence of (M5c) and (ii). 
Definition 1.13. Let us fix any reduced orbifold atlas X := {(X˜i, Gi, πi)}i∈I on
any topological space X and any set {(X˜i′ , Gi′ , πi′ )}i′∈I′ of reduced orbifold charts
on X , that are compatible with the charts of X (with the set I ′ disjoint from I).
Then the family
X ′ :=
{(
X˜i, Gi, πi
)}
i∈I
∐{(
X˜i′ , Gi′ , πi′
)}
i′∈I′
is again a reduced orbifold atlas for X . Moreover, there is an obvious inclusion
νX ,X ′ : Ch(X ) →֒ Ch(X
′). Therefore we can consider the following morphism:
ιX ,X ′ :=
(
idX , I →֒ (I ∐ I
′),
{
id
X˜i
}
i∈I
, [Ch(X ), νX ,X ′]
)
: X −֒→X ′.
We call any such morphism an inclusion of reduced orbifold atlases. In particular,
for every reduced orbifold atlas X as before, we denote by
ιX : X −֒→X
max
the inclusion ιX ,Xmax of X into the maximal atlas X
max associated to it.
Now we need to define the composition of morphisms of reduced orbifold atlases.
In order to do that, we follow [Po, Construction 5.9], with the only differences due
to Remark 1.9.
Construction 1.14. Let us fix any triple of orbifold atlases
X =
{(
X˜i, Gi, πi
)}
i∈I
, Y :=
{(
Y˜i, Hj , χj
)}
j∈J
, Z =
{(
Z˜l,Kl, ηl
)}
l∈L
for 3 topological spaces X , Y and Z respectively. Let us also fix 2 morphisms
[fˆ ] =
(
f, f,
{
f˜i
}
i∈I
, [Pf , νf ]
)
: X −→ Y,
[gˆ ] =
(
g, g,
{
g˜j
}
j∈J
, [Pg, νg]
)
: Y −→ Z. (1.3)
Then we define a composition
[gˆ ] ◦ [fˆ ] :=
(
g ◦ f, g ◦ f,
{
g˜f(i) ◦ f˜i
}
i∈I
, [Pg◦f , νg◦f ]
)
: X −→ Z.
Here we construct the class [Pg◦f , νg◦f ] as follows: first of all, let us fix represen-
tatives (Pf , νf ) for [Pf , νf ] and (Pg, νg) for [Pg, νg]. Then let us fix any i ∈ I, any
λ ∈ Pf (i,−) and any point xi ∈ domλ. Since Pg is a good subset of Ch(Y), then
by condition (GS) there are a (non-unique) ω
f˜i(xi),νf (λ)
∈ Pg(f(i),−) and an open
set
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Y˜
f˜i(xi),νf (λ)
⊆ dom νf (λ) ∩ domωf˜i(xi),νf (λ) ⊆ Y˜f(i),
such that f˜i(xi) ∈ Y˜f˜i(xi),νf (λ) and(
νf (λ)
)∣∣∣
Y˜
f˜i(xi),νf (λ)
=
(
ω
f˜i(xi),νf (λ)
)∣∣∣
Y˜
f˜i(xi),νf (λ)
.
For each pair (λ, xi) as before, there exists a (non-unique) open connected subset
X˜xi,λ ⊆ f˜
−1
i
(
Y˜
f˜i(xi),νf (λ)
)
∩ domλ, such that:
• xi ∈ X˜xi,λ;
• X˜xi,λ is invariant under the action of Stab(Gi, xi);
• for each gi ∈ Gi r Stab(Gi, xi) we have gi(X˜xi,λ) ∩ X˜xi,λ = ∅
(in this way, λ is still a change of charts if restricted to X˜xi,λ). Then for each
i ∈ I and for each λ ∈ Pf (i,−) we choose any set of points {x
e
i }e∈E(λ) ⊆ X˜i such
that the set {X˜xe
i
,λ}e∈E(λ) is a covering for domλ and such that if e 6= e
′, then
X˜xe
i
,λ 6= X˜xe′
i
,λ
. Then we consider the set:
Pg◦f :=
{
λ|
X˜xe
i
,λ
∀ i ∈ I, ∀λ ∈ Pf (i,−), ∀ e ∈ E(λ)
}
.
In general, given any element λ′ ∈ Pg◦f , there can be more than one λ ∈ Pf , such
that λ|
X˜xe
i
,λ
= λ′ (for some e ∈ E(λ)); therefore for any such λ′ ∈ Pf , using the
axiom of choice we make an arbitrary choice of (λ, e) with that property. For that
choice, we fix also a choice of Y˜
f˜i(xei ),νf (λ)
and of ω
f˜i(xei ),νf (λ)
as before.
Since Pf is a good subset of Ch(X ), then also Pg◦f is a good subset of Ch(X ). Then
for each λ|
X˜xe
i
,λ
∈ Pg◦f we set
νindf
(
λ|
X˜xe
i
,λ
)
:= ω
f˜i(xei ),νf (λ)
.
So we have defined a set map νf from Pg◦f to Ch(Y); a direct computation proves
that (Pg◦f , ν
ind
f ) ∈ [Pf , νf ]. Then we simply define
νg◦f
(
λ|
X˜xe
i
,λ
)
:= νg
(
ω
f˜i(xei ),νf (λ)
)
= νg ◦ ν
ind
f
(
λ|
X˜xe
i
,λ
)
for every λ|
X˜xe
i
,λ
∈ Pg◦f and it is easy to verify that νg◦f satisfies properties (M5a)
– (M5d). The construction of Pg◦f and νg◦f depends on some choices, but it can be
proved that the equivalence class [Pg◦f , νg◦f ] does not depend on such choices. In
this way we have defined a notion of composition of morphisms of reduced orbifold
atlases.
Lemma 1.15. The composition of morphisms of reduced orbifold atlases is asso-
ciative.
The proof is obvious for what concerns the composition of maps of the form f, f and
f˜i; the proof of the associativity on the pairs of the form [Pf , νf ] is straightforward,
so we omit it.
Remark 1.16. Since reduced orbifold structures are given by equivalence classes
of reduced orbifold atlases (see Definition 1.6), then one would like to define com-
positions also for every pair of morphisms [fˆ ] : X → Y and [gˆ] : Y ′ → Z, whenever
[Y] = [Y ′]. We will provide such a definition in the paper [T6] (at the cost of
quotienting out by an equivalence relation induced by the 2-morphisms that we
are going to define below). As we mentioned in the Introduction, currently in the
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literature there are also other 2 definitions of morphisms between orbifolds. One is
given by “good maps” defined by Weimin Chen and Yongbin Ruan in [CR] (such a
definition is given also for the (possibly) non-reduced case); the other one is given
by Anke Pohl in [Po]. We will describe in [T6] the relations between our definition
of morphism and those of [CR] and [Po].
Definition 1.17. Let us fix any pair of paracompact, second countable, Hausdorff
topological spaces X and Y , any open embedding f : X →֒ Y and any reduced
orbifold atlas X = {(X˜i, Gi, πi)}i∈I on X . Then we set
f∗(X ) :=
{(
X˜i, Gi, f ◦ πi
)}
i∈I
. (1.4)
Since f is an open embedding, then f∗(X ) is a family of compatible reduced orbifold
charts over Y , hence f∗(X ) is a reduced orbifold atlas over f(X) (with the topology
given by the fact that f(X) is open in Y ). Moreover, f induces a morphism
[fˆ ind] : X → f∗(X ): on the topological level it is simply given by f , while the rest
of the structure is trivial: f is the identity of I, each f˜i is an identity, Pf is the
entire set Ch(X ) and νf associates to any change of charts in X the same change of
charts in f∗(X ). In particular, if f is an homeomorphism, then f∗(X ) is a reduced
orbifold atlas on Y and [fˆ ind] is an isomorphism (with respect to the definition of
composition given above).
As we said in the introduction, our first aim is to construct a 2-category (RedAtl)
of reduced orbifold atlases. Roughly speaking, a 2-category is the datum of ob-
jects, morphisms and “morphism between morphisms” (known as 2-morphisms or,
sometimes, natural transformations), together with identities and compositions of
morphisms and 2-morphisms (for more details we refer e.g. to [Lei]). First of all,
we have to define a notion of 2-morphism in this setup.
Definition 1.18. Let us fix any pair of reduced orbifold atlasesX = {(X˜i, Gi, πi)}i∈I
and Y := {(Y˜j , Hj , χj)}j∈J over X and Y respectively. Moreover, let us fix 2 mor-
phisms from X to Y over the same continuous function f : X → Y :
[fˆm] :=
(
f, f
m
,
{
f˜mi
}
i∈I
, [Pfm , νfm ]
)
for m = 1, 2.
Then a representative of a 2-morphism from [fˆ1] to [fˆ2] is any set of data:
δ :=
{(
X˜ai , δ
a
i
)}
i∈I,a∈A(i)
,
such that:
(2Ma) for all i ∈ I the set {X˜ai }a∈A(i) is an open covering of X˜i;
(2Mb) for all i ∈ I and for all a ∈ A(i), δai is a change of charts in Y with
f˜1i
(
X˜ai
)
⊆ dom δai ⊆ Y˜f1(i), f˜
2
i
(
X˜ai
)
⊆ cod δai ⊆ Y˜f2(i);
(2Mc) for all i ∈ I, for all a ∈ A(i) and for all x˜i ∈ X˜
a
i we have
f˜2i (x˜i) = δ
a
i ◦ f˜
1
i (x˜i); (1.5)
(2Md) for all i ∈ I, for all a, a′ ∈ A(i) and for all x˜i ∈ X˜
a
i ∩ X˜
a′
i we have
germ
f˜1
i
(x˜i)
δai = germf˜1
i
(x˜i)
δa
′
i ;
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(2Me) for all (i, i′) ∈ I × I, for all (a, a′) ∈ A(i)×A(i′), for all λ ∈ Ch(X , i, i′) and
for all x˜i ∈ domλ ∩ X˜
a
i such that λ(x˜i) ∈ X˜
a′
i′ , there exist
(Pfm , νfm) ∈ [Pfm , νfm ] , λ
m ∈ Pfm(i, i
′) for m = 1, 2, (1.6)
such that
x˜i ∈ domλ
m, germx˜i λ
m = germx˜i λ for m = 1, 2 (1.7)
and
germ
f˜2
i
(x˜i)
νf2(λ
2) · germ
f˜1
i
(x˜i)
δai = germf˜1
i′
(λ(x˜i))
δa
′
i′ · germf˜1
i
(x˜i)
νf1(λ
1). (1.8)
Remark 1.19. Given any i ∈ I and any pair a, a′ ∈ A(i), by (2Mc) we get that
δai coincides with δ
a′
i on the set f˜
1
i (X˜
a
i ∩ X˜
a′
i ), that in general is not an open set;
actually, by (2Md) δai and δ
a′
i coincide on some open set containing f˜
1
i (X˜
a
i ∩ X˜
a′
i ).
We remark also that both the left hand side and the right hand side of (1.8) are
well-defined. Indeed,
δai ◦ f˜
1
i (x˜i) = f˜
2
i (x˜i)
by (1.5) and
νf1(λ
1)
(
f˜1i (x˜i)
)
= f˜1i′
(
λ1(x˜i)
)
= f˜1i′
(
λ(x˜i)
)
by (M5c) and (1.7).
Remark 1.20. Let us suppose that there exist data as in (1.6) that satisfy condi-
tions (1.7) and (1.8). Let us suppose that (P ′fm , ν
′
fm , λ
′m) form = 1, 2 is another set
of data as (1.6) that satisfies condition (1.7). Then by Definition 1.11 we conclude
that
germ
f˜m
i
(x˜i)
νfm(λ
m) = germ
f˜m
i
(x˜i)
ν′fm(λ
′m) for m = 1, 2,
so (1.8) is verified also by the new set of data. Therefore, (2Me) is equivalent to:
(2Me)′ for all (i, i′) ∈ I × I, for all (a, a′) ∈ A(i) × A(i′), for all λ ∈ Ch(X , i, i′),
for all x˜i ∈ domλ ∩ X˜
a
i such that λ(x˜i) ∈ X˜
a′
i′ and for all data (1.6) that
satisfy (1.7), we have that (1.8) holds.
Definition 1.21. Let us fix any pair of reduced orbifold atlases X ,Y and any
pair of morphisms [fˆ1], [fˆ2] from X to Y over the same continuous map (as in
Definition 1.18). Moreover, let us fix any pair of representatives of 2-morphisms
from [fˆ1] to [fˆ2]:
δ :=
{(
X˜ai , δ
a
i
)}
i∈I,a∈A(i)
and δ :=
{(
X˜ai , δ
a
i
)}
i∈I,a∈A(i)
.
Then we say that δ is equivalent to δ if and only if for all i ∈ I, for all pairs
(a, a) ∈ A(i)×A(i) and for all x˜i ∈ X˜
a
i ∩ X˜
a
i (if non-empty) we have
germ
f˜1
i
(x˜i)
δai = germf˜1
i
(x˜i)
δ
a
i .
This definition gives rise to an equivalence relation (it is reflexive by (2Md)). We
denote by [δ] : [fˆ1] ⇒ [fˆ2] the class of any δ as before and we say that [δ] is a
2-morphism from [fˆ1] to [fˆ2].
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2. Vertical and horizontal compositions of 2-morphisms
Construction 2.1. Let us fix 2 reduced orbifold atlases X = {(X˜i, Gi, πi)}i∈I ,
Y = {(Y˜j , Hj , χj)}j∈J for X and Y respectively, any continuous map f : X → Y
and any triple of morphisms from X to Y over f :
[fˆm] :=
(
f, f
m
,
{
f˜mi
}
i∈I
, [Pfm , νfm ]
)
for m = 1, 2, 3.
In addition, let us fix any 2-morphism [δ] : [fˆ1] ⇒ [fˆ2] and any 2-morphism [σ] :
[fˆ2] ⇒ [fˆ3]. We want to define a vertical composition [σ] ⊙ [δ] : [fˆ1] ⇒ [fˆ3]; in
order to do that, let us fix any representative
σ =
{(
X˜bi , σ
b
i
)}
i∈I, b∈B(i)
for [σ]. As we did in Construction 1.14, we can always choose a (non-unique)
representative
δ =
{(
X˜ai , δ
a
i
)}
i∈I,a∈A(i)
for [δ], such that for each i ∈ I and for each (a, b) ∈ A(i) × B(i), the set map δai
restricted to the set
Y˜ a,bi := (δ
a
i )
−1
(
cod δai ∩ domσ
b
i
)
(2.1)
(if non-empty) is again a change of charts, so that also θa,bi := σ
b
i ◦ δ
a
i |Y˜ a,b
i
is a
change of charts of Y. Then for each i ∈ I and for each (a, b) ∈ A(i) × B(i) we
set X˜a,bi := X˜
a
i ∩ X˜
b
i ; if X˜
a,b
i is non-empty, then also Y˜
a,b
i is non-empty. Then we
define:
θ :=
{(
X˜a,bi , θ
a,b
i
)}
i∈I, (a,b)∈A(i)×B(i) s.t. X˜a,b
i
6=∅
.
A straightforward proof shows that:
Lemma 2.2. The collection θ so defined is a representative of a 2-morphism from
[fˆ1] to [fˆ3]. Moreover, the class of θ does not depend on the choices of representa-
tives δ for [δ] and σ for [σ].
Therefore, it makes sense to give the following definition.
Definition 2.3. Given any pair [δ], [σ] as before, we define their vertical composi-
tion as:
[σ]⊙ [δ] := [θ] : [fˆ1] =⇒ [fˆ3].
Construction 2.4. Let us fix any triple of reduced orbifold atlases
X =
{(
X˜i, Gi, πi
)}
i∈I
, Y :=
{(
Y˜j , Hj , χj
)}
j∈J
, Z =
{(
Z˜l,Kl, ηl
)}
l∈L
for X , Y and Z respectively. Let us also fix any set of morphisms
[fˆm] :=
(
f, f
m
,
{
f˜mi
}
i∈I
, [Pfm , νfm ]
)
: X −→ Y for m = 1, 2,
[gˆm] :=
(
g, gm,
{
g˜mj
}
j∈J
,
[
Pgm , νgm
])
: Y −→ Z for m = 1, 2.
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Moreover, let us suppose that we have fixed any 2-morphism [δ] : [fˆ1] ⇒ [fˆ2] and
any 2-morphism [ξ] : [gˆ1] ⇒ [gˆ2]. Our aim is to define an horizontal composition
[ξ] ∗ [δ] : [gˆ1] ◦ [fˆ1] ⇒ [gˆ2] ◦ [fˆ2]. In order to do that, we fix any representative
(Pg1 , νg1) for [Pg1 , νg1 ] and any representative
δ :=
{(
X˜ai , δ
a
i
)}
i∈I, a∈A(i)
for [δ]. For any i ∈ I and any a ∈ A(i) we have that δ
a
i ∈ Ch(Y). Since Pg1 satisfies
condition (GS), then as in the previous constructions we can use δ in order to get
another representative
δ :=
{(
X˜ai , δ
a
i
)}
i∈I, a∈A(i)
for [δ], such that for each i ∈ I and a ∈ A(i), the change of charts δai is the
restriction of a change of charts δ˜ai ∈ Pg1 (in general, such a change of charts is not
unique, we fix any arbitrary choice of δ˜ai ’s with this property). We choose also any
representative ξ := {(Y˜ cj , ξ
c
j )}j∈J,c∈C(j) for [ξ]. Let us fix any i ∈ I, a ∈ A(i), c ∈
C(f
2
(i)) and any point xi ∈ X˜i such that the point zi := g˜
1
f
1
(i)
◦ f˜1i (xi) belongs to
the set
Z˜a,ci :=
(
ν1g (δ
a
i )
)−1 (
cod ν1g(δ
a
i ) ∩ dom ξ
c
f
2
(i)
)
.
Then there exists a (non-unique) open connected subset Z˜a,c,xii ⊆ Z˜
a,c
i , such that:
• zi ∈ Z˜
a,c,xi
i ;
• Z˜a,c,xii is invariant under the action of Stab(Hg1◦f1(i), zi);
• for all h ∈ H
g1◦f
1
(i)
r Stab(H
g1◦f
1
(i)
, zi) we have h(Z˜
a,c,xi
i ) ∩ Z˜
a,c,xi
i = ∅
(in this way, ν1g (δ˜
a
i ) is again a change of charts if restricted to Z˜
a,c,xi
i ). We define
also
X˜a,ci := X˜
a
i ∩
(
g˜1
f
1
(i)
◦ f˜1i
)−1 (
Z˜a,ci
)
,
X˜a,c,xii := X˜
a
i ∩
(
g˜1
f
1
(i)
◦ f˜1i
)−1 (
Z˜a,c,xii
)
.
For each (i, a, c) as before, we choose any set of points {xei}e∈E(i,a,c) such that the
corresponding sets of the form X˜
a,c,xei
i are a covering for X˜
a,c
i (if X˜
a,c
i is empty,
we set E(i, a, c) := ∅). For simplicity, we rename each X˜
a,c,xei
i as X˜
a,c,e
i and
analogously for the sets of the form Z˜
a,c,xei
i . Then for each i ∈ I, (a, c) ∈ A(i) ×
C(f
2
(i)) and e ∈ E(i, a, c) we define
γa,c,ei := ξ
c
f
2
(i)
◦ ν1g(δ˜
a
i )
∣∣∣
Z˜
a,c,e
i
and we set
γ :=
{(
X˜a,c,ei , γ
a,c,e
i
)}
i∈I, (a,c)∈A(i)×C(f
2
(i)), e∈E(i,a,c)
.
A direct check proves that:
Lemma 2.5. The collection γ so defined is a representative of a 2-morphism from
[gˆ1]◦[fˆ1] to [gˆ2]◦[fˆ2]. Moreover, the class of γ does not depend on the representatives
(Pg1 , νg1), δ and ξ chosen for [P
1
g , ν
1
g ], [δ] and [ξ] respectively.
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So it makes sense to give the following definition.
Definition 2.6. Given any pair [δ], [ξ] as before, we define their horizontal com-
position as:
[ξ] ∗ [δ] := [γ] : [gˆ1] ◦ [fˆ1] =⇒ [gˆ2] ◦ [fˆ2].
3. The 2-category (RedAtl)
Definition 3.1. Given any reduced orbifold atlas X = {(X˜i, Gi, πi)}i∈I on a topo-
logical space X , we define the identity of X as the morphism
idX :=
(
idX , idI ,
{
id
X˜i
}
i∈I
, [Ch(X ), νid]
)
: X −→ X
where νid is the identity on Ch(X ) (this is a special case of Definition 1.13).
Given any pair of reduced orbifold atlases X and Y and any morphism [fˆ ] =
(f, f , {f˜i}i∈I , [Pf , νf ]) from X to Y, we define the 2-identity i[fˆ ] as the class of{(
X˜i, idX˜
f(i)
)}
i∈I
.
Moreover, for each reduced orbifold atlas X , we set iX := iidX .
A direct check proves that:
Lemma 3.2.
(a) The morphisms and 2-morphisms of the form id− and i− are the identities with
respect to ◦ and ⊙ respectively. Moreover, any 2-morphism is invertible with
respect to ⊙.
(b) Let us fix any pair of morphisms of reduced orbifolds [fˆ1], [fˆ2] : X → Y and
any 2-morphism [δ] : ιY ◦ [fˆ
1]⇒ ιY ◦ [fˆ
2] (where ιY is the inclusion Y →֒ Y
max,
see Definition 1.13). Then there is a unique 2-morphism [δ′] : [fˆ1]⇒ [fˆ2] such
that [δ] = iιY ∗ [δ
′].
The following proof is long but completely straightforward, so we omit it.
Lemma 3.3. Given any diagram as follows
X
[fˆ2] [gˆ2]
Y Z,
⇓ [δ]
⇓ [σ]
⇓ [ξ]
⇓ [η]
[fˆ1]
[fˆ3]
[gˆ1]
[gˆ3]
we have (
[η]⊙ [ξ]
)
∗
(
[σ]⊙ [δ]
)
=
(
[η] ∗ [σ]
)
⊙
(
[ξ] ∗ [δ]
)
.
Proposition 3.4. The definitions of reduced orbifold atlases, morphisms and 2-
morphisms, compositions ◦,⊙, ∗ and identities give rise to a 2-category, that we
denote by (RedAtl).
Proof. In order to construct a 2-category, we define some data as follows.
(1) The class of objects is the set of all the reduced orbifold atlases X for any
paracompact, second countable, Hausdorff topological space X .
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(2) If X and Y are reduced atlases for X and Y respectively, we define a small
category (RedAtl)(X ,Y) as follows: the space of objects is the set of all
morphisms [fˆ ] : X → Y over any continuous map f : X → Y ; for any pair of
morphisms [fˆ ] and [gˆ] over f and g respectively, using Definition 1.18 and 1.21
we set:
(
(RedAtl)(X ,Y)
)
([fˆ ], [gˆ ]) :=
{
all 2-morphisms [fˆ ]⇒ [gˆ ] if f = g,
∅ otherwise.
The composition in any such category is the vertical composition ⊙, that
is clearly associative; the identity over any object [fˆ ] is given by i[fˆ ]. By
Lemma 3.2(a) we get that actually any such category is an internal groupoid
in (Sets), i.e. a category where all the morphisms are invertible.
(3) For every triple of reduced atlases X ,Y,Z, we define a functor “composition”
(RedAtl)(X ,Y) × (RedAtl)(Y,Z) −→ (RedAtl)(X ,Z)
as ◦ on any pair of morphisms and as ∗ on any pair of 2-morphisms. We want
to prove that this gives rise to a functor. It is easy to see that identities are
preserved, so one needs only to prove that compositions are preserved, i.e. that
the interchange law (see [Bo, Proposition 1.3.5]) is satisfied. This is exactly the
statement of Lemma 3.3.
All the other necessary proofs that (RedAtl) is a 2-category are trivial, so we omit
them. 
4. From reduced orbifold atlases to proper, effective, étale
groupoids
The aim of this section is to define a 2-functor F red from (RedAtl) to the 2-
category of proper, effective, étale Lie groupoids. We recall briefly the necessary
definitions and notations.
Definition 4.1. [Ler, Definition 2.11] A Lie groupoid is the datum of 2 smooth
(Hausdorff, paracompact) manifolds X0,X1 and five smooth maps:
• s, t : X1 ⇒ X0, such that both s and t are submersions (so that the fiber
products of the form X1 t×s · · · t×sX1 (for finitely many terms) are manifolds);
these 2 maps are usually called source and target of the Lie groupoid;
• m : X1 t ×s X1 → X1, called multiplication;
• i : X1 → X1, known as inverse of the Lie groupoid;
• e : X0 → X1, called identity;
which satisfy the following axioms:
(LG1) s ◦ e = 1X0 = t ◦ e;
(LG2) if we denote by pr1 and pr2 the 2 projections from X1 t ×s X1 to X1, then
we have s ◦m = s ◦ pr1 and t ◦m = t ◦ pr2;
(LG3) the 2 morphisms m◦ (1X1×m) and m◦ (m×1X1) from X1 t×s X1 t ×s X1
to X1 are equal;
(LG4) the 2 morphisms m ◦ (e ◦ s, 1X1) and m ◦ (1X1 , e ◦ t) from X1 to X1 are
both equal to the identity of X1;
(LG5) i ◦ i = 1X1 , s ◦ i = t (and therefore t ◦ i = s); moreover, we require that
m ◦ (1X1 , i) = e ◦ s and m ◦ (i, 1X1) = e ◦ t.
In other terms, a Lie groupoid is an internal groupoid in the category of smooth
manifolds, such that s and t are submersions. For simplicity, we will denote any
Lie groupoid as before by (X1 ⇒
s
t
X0) or X•. In the literature one can also find the
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notations (X0,X1), (U,R, s, t,m, e, i) and R s ×t R
m
→ R
i
→ R1 ⇒
s
t
U
e
→ R (where
U is the set X0 and R is the set X1 in our notations).
In the following pages, even if we will deal with several Lie groupoids, we will denote
by s the source morphism of any such object, and analogously for the morphisms
t,m, e and i. This will not create any problem, since it will be always clear from
the context what is the Lie groupoid we are working with.
Definition 4.2. [M, § 2.1] Given 2 Lie groupoids X• and Y•, a morphism between
them is any pair ψ• = (ψ0, ψ1), where ψ0 : X0 → Y0 and ψ1 : X1 → Y1 are smooth
maps, which together commute with all structure morphisms of the 2 Lie groupoids.
In other words, we require that s ◦ ψ1 = ψ0 ◦ s, t ◦ ψ1 = ψ0 ◦ t, ψ0 ◦ e = e ◦ ψ0,
ψ1 ◦m = m ◦ (ψ1 × ψ1) and ψ1 ◦ i = i ◦ ψ1.
Definition 4.3. [PS, Definition 2.3] Let us suppose that we have fixed 2 morphisms
of Lie groupoids ψm• : X• → Y• for m = 1, 2. Then a natural transformation (also
known as 2-morphism) α : ψ1• ⇒ ψ
2
• is the datum of any smooth map α : X0 → Y1,
such that the following conditions hold:
(NT1) s ◦ α = ψ10 and t ◦ α = ψ
2
0 ;
(NT2) m ◦ (α ◦ s, ψ21) = m ◦ (ψ
1
1 , α ◦ t).
There are well-known notions of identities, compositions of morphisms, vertical and
horizontal compositions of natural transformations, obtained in analogy with the
corresponding notions in the 2-category of small categories. In particular, we have:
Proposition 4.4. [PS, § 2.1] The data of Lie groupoids, morphisms, and natural
transformations between them (together with compositions and identities) form a
2-category, known as (LieGpd).
Definition 4.5. [M, § 1.2 and § 1.5] A Lie groupoid X• is called proper if the map
(s, t) : X1 → X0×X0 is proper; it is called étale if the maps s and t are both étale
(i.e. local diffeomorphisms). Since each étale map is a submersion, in general we
will simply write “étale groupoid” instead of “étale Lie groupoid”.
Remark 4.6. Given any Lie groupoid (X1 ⇒
s
t
X0), we can define an equivalence
relation ∼X on X0 by saying that x0 ∼X x
′
0 if and only if there is x1 ∈ X1
such that s(x1) = x0 and t(x1) = x
′
0. We give to the set |X•| := X0/ ∼X the
quotient topology and we call it the underlying topological space of X•; we denote
by prX• : X0 ։ |X•| the quotient map. Given another Lie groupoid (Y1 ⇒
s
t
Y0)
and any morphism (ψ0, ψ1) : (X1 ⇒
s
t
X0)→ (Y1 ⇒
s
t
Y0), there is a unique set map
|ψ•| : |X•| → |Y•| (called the underlying set map of ψ•), making the following
diagram commute
X0 Y0
|X•| |Y•|.
y
|ψ•|
pr
X•
pr
Y•
ψ0
(4.1)
Such a map is defined by |ψ•|(prX•(x0)) := prY• ◦ψ0(x0) for all x0 ∈ X0. Then
|ψ•| is well-defined by definition of ∼X and ∼Y . Since |ψ•| is the unique map
making (4.1) commute, then given any pair of composable morphisms ψ• and ξ•,
we have |ξ• ◦ ψ•| = |ξ•| ◦ |ψ•|.
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If we assume that X• and Y• are proper and étale, then prX• and prY• are open
maps as a consequence of [Ler, Proposition 2.23] and the induced map |ψ•| is con-
tinuous. Indeed, for any open set A′ ⊆ |Y•|, we have that pr
−1
X•
(|ψ•|
−1(A′)) =
ψ−10 ((prY•)
−1(A′)) is open in X0; since prX• is surjective and open, then |ψ•|
−1(A′)
is equal to the open set prX•(pr
−1
X•
(|ψ•|
−1(A′))) of |X•|.
Remark 4.7. Let X• be a proper étale groupoid and let us fix any pair of points
x0, x
′
0 ∈ X0. Since both s and t are étale, for every point x1 in X1 such that
s(x1) = x0 and t(x1) = x
′
0, we can find a sufficiently small open neighborhood Wx1
of x1 where both s and t are invertible. Then we can define a set map
t ◦ (s|Wx1 )
−1 : s(Wx1) −→ t(Wx1).
Such a map is actually a diffeomorphism from an open neighborhood of x0 to an
open neighborhood of x′0; moreover, it is easy to see that it commutes with the
projection prX• . So for each pair of points x0, x
′
0 as above we can define a set map:
κX•(x0, x
′
0,−) : {x1 ∈ X1 such that s(x1) = x0 and t(x1) = x
′
0} −→ (4.2)
{germx0 f ∀ diffeomorphisms f around x0 s. t. f(x0) = x
′
0 and prX• ◦f = prX•}
by setting
κX•(x0, x
′
0, x1) := germx0
(
t ◦ (s|Wx1 )
−1
)
= germx1 t ·
(
germx1 s
)−1
. (4.3)
We claim that κX•(x0, x
′
0,−) is surjective. For that, we have to consider 2 cases
separately; if prX•(x0) 6= prX•(x
′
0), then both the first and the second set in (4.2)
are empty, so κX•(x0, x
′
0,−) is a bijection. If prX•(x0) = prX•(x
′
0), this means
that there is a (in general non-unique) point x1 ∈ X1, such that s(x1) = x0 and
t(x1) = x
′
0. Let us fix any diffeomorphism f as in the second line of (4.2). Let us
denote by Wx1 any open neighborhood of x1 such that both s and t are invertible
if restricted to such a set. Then the function
g := s ◦ (t|Wx1 )
−1 ◦ f |f−1◦t(Wx1 )
is a diffeomorphism around x0, it fixes x0 and it commutes with prX• . As a simple
consequence of [N, Theorem 2.3], there is a (in general non-unique) point x˜1 in X1,
such that s(x˜1) = x0 = t(x˜1) and κX•(x0, x0, x˜1) = germx0 g. This implies that
germx0 f = κX•(x0, x
′
0, x1) · κX•(x0, x0, x˜1) = κX•(x0, x
′
0,m(x˜1, x1)),
so we have proved that κX•(x0, x
′
0,−) is surjective.
Definition 4.8. [M, example 1.5] Let us fix any proper, étale groupoid X•. We
say that X• is effective (or reduced) if κX•(x0, x0,−) is injective for all x0 ∈ X0.
Lemma 4.9. Let us fix any proper, effective, étale groupoid X•. Then the set map
κX•(x0, x
′
0,−) is a bijection for every pair of points x0, x
′
0 in X0.
Proof. Let us fix any pair of points x1, x˜1 ∈ X1 such that s(x1) = x0 = s(x˜1),
t(x1) = x
′
0 = t(x˜1) and κX•(x0, x
′
0, x1) = κX•(x0, x
′
0, x˜1). Then:
κX•(x0, x0,m(x1, i(x˜1))) =
(
κX•(x0, x
′
0, x˜1)
)−1
· κX•(x0, x
′
0, x1) =
= germx0 id = κX•(x0, x0, e(x0));
since X• is effective, this implies that m(x1, i(x˜1)) = e(x0), i.e. that x1 = x˜1, so we
have proved that κX•(x0, x
′
0,−) is injective; we have already said above that it is
surjective (even without the hypothesis of effectiveness), so we conclude. 
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Definition 4.10. We define the 2-categories (E´ Gpd), (PE´ Gpd) and (PEE´ Gpd)
as the full 2-subcategories of (LieGpd) obtained by restricting the objects to étale
groupoids, respectively to proper, étale Lie groupoids, respectively to proper, effec-
tive, étale groupoids (morphisms and 2-morphisms are simply restricted according
to that).
Construction 4.11. (adapted from [Po, Construction 2.4] and from [Pr2, § 4.4])
Let us fix any reduced orbifold atlas X = {(X˜i, Gi, πi)}i∈I of dimension n. Then
we define F red0 (X ) := (X1 ⇒
s
t
X0) as the following Lie groupoid.
• The manifold X0 is defined as
∐
i∈I X˜i, with the natural smooth structure
given by the fact that each X˜i is an open subset of R
n.
• As a set, we define
X1 :=
{
germx˜i λ ∀ i ∈ I, ∀λ ∈ Ch(X , i,−), ∀ x˜i ∈ domλ
}
.
For each i ∈ I and for each λ ∈ Ch(X , i,−) we set
X1(λ) :=
{
germx˜i λ ∀ x˜i ∈ domλ
}
⊆ X1.
Then the topological and differentiable structure on X1 are given by the germ
topology and by the germ differentiable structure. In other terms, we choose as
charts for X1 all the bijections of the form:
τλ : X1(λ) → domλ ⊆ X˜i ⊆ R
n
germx˜i λ 7→ x˜i
(4.4)
for each i ∈ I and for each λ ∈ Ch(X , i,−) (one needs only to show that any
pair of charts τλ, τλ′ are compatible on their common domain, but this is easy).
Therefore, by construction any morphism of the form τλ is a diffeomorphism
from X1(λ) to domλ.
• The structure maps are defined as follows:
s(germx˜i λ) := x˜i, t(germx˜i λ) := λ(x˜i),
m(germx˜i λ, germλ(x˜i) λ
′) := germλ(x˜i) λ
′ · germx˜i λ,
i(germx˜i λ) := germλ(x˜i) λ
−1, e(x˜i) := germx˜i idX˜i .
A direct check proves that s and t are both étale, that m, e, i are smooth and that
axioms (LG1) – (LG5) are satisfied, so F red0 (X ) is an étale groupoid.
Lemma 4.12. For every reduced orbifold atlas X , the étale groupoid F red0 (X ) is
proper and effective, i.e. it belongs to (PEE´ Gpd).
Proof. For each x0 ∈ X0 we have to prove that the map κX•(x0, x0,−) described
in Remark 4.7 is injective. By definition of X0, each such x0 is equal to x˜i ∈ X˜i
for some i ∈ I. Moreover, any x1 ∈ X1 such that s(x1) = x0 = t(x1) is necessarily
equal to germx˜i λ for some λ ∈ Ch(X , i, i) with x˜i ∈ domλ and λ(x˜i) = x˜i. For any
such λ, we have
κX•(x˜i, x˜i, germx˜i λ) = germx˜i
(
t ◦
(
s|X1(λ)
)−1)
= germx˜i λ,
so κX•(x˜i, x˜i,−) is injective, hence F
red
0 (X ) is effective. So we need only to prove
that (s, t) : X1 → X0 × X0 is proper. Let us fix any compact set K ⊆ X0 ×
X0 and let {q
m}m∈N be any sequence in (s, t)
−1(K) ⊆ X1. Up to passing to a
subsequence we can always assume that the sequence (s, t)(qm) ∈ K converges to
some point (x˜i, xi′) ∈ X˜i × X˜i′ . So there is m1 such that for each m > m1 we have
20 MATTEO TOMMASINI
(s, t)(qm) ∈ X˜i × X˜i′ , hence we can write (s, t)(q
m) =: (x˜mi , x
m
i′ ). By definition of
X1, for m > m1 there is a (non-unique) change of charts λ
m from (X˜i, Gi, πi) to
(X˜i′ , Gi′ , πi′ ), such that
x˜mi ∈ domλ
m, qm = germx˜i λ
m, λm(x˜mi ) = x
m
i′ .
From this, we get
πi(x˜
m
i ) = πi′ ◦ λ
m(x˜mi ) = πi′(x
m
i′ ) ∀m > m1.
By considering the limit for m → ∞, we get that πi(x˜i) = πi′(xi′). Since X is a
reduced orbifold atlas, then there exists a change of charts λ from (X˜i, Gi, πi)
to (X˜i′ , Gi′ , πi′), such that x˜i ∈ domλ. So there is m2 ≥ m1, such that for
all m > m2 we have x˜
m
i ∈ domλ. Then for each such m there exists a chart
(X˜m, Gm, πi|X˜m) such that x˜
m
i ∈ X˜
m ⊆ domλ ∩ domλm ⊆ X˜i. For each m > m2
we have that both λ and λm (suitably restricted) can be considered as embeddings
from (X˜m, Gm, πi|X˜m) to (X˜i′ , Gi′ , πi′). So by [MP, Lemma A.1] there exists a
unique gm ∈ Gi′ such that λ
m|
X˜m
= gm ◦λ|
X˜m
. Since Gi′ is a finite set, then after
passing to a subsequence we can assume that gm is the same for all m > m2; we
denote such a map by g. Then by definition of the differentiable structure on X1
we have
lim
m→+∞
qm = lim
m→+∞
germx˜m
i
λm = lim
m→+∞
germx˜m
i
g ◦ λ = germx˜i g ◦ λ.
So this proves that (s, t)−1(K) is compact, so (s, t) is proper. 
Until now we have associated to each object of (RedAtl) an object of (PEE´ Gpd);
we want to do the same for morphisms and 2-morphisms.
Construction 4.13. (adapted from [Po, Proposition 4.7]) Let us fix any pair of
reduced orbifold atlases X := {(X˜i, Gi, πi)}i∈I and Y := {(Y˜j , Hj , χj)}j∈J for X
and Y respectively and any morphism [fˆ ] : X → Y with representative given by
fˆ :=
(
f, f,
{
f˜i
}
i∈I
, Pf , νf
)
.
We set
F red0 (X ) =:
(
X1 ⇒
s
t
X0
)
and F red0 (Y) =:
(
Y1 ⇒
s
t
Y0
)
,
where
X0 :=
∐
i∈I
X˜i, X1 :=
{
germx˜i λ ∀ i ∈ I, ∀λ ∈ Ch(X , i,−), ∀ x˜i ∈ domλ
}
,
Y0 :=
∐
j∈J
Y˜j , Y1 :=
{
germy˜j ω ∀ j ∈ J, ∀ω ∈ Ch(Y, j,−), ∀ y˜j ∈ domω
}
.
Then we define a set map ψ0 : X0 → Y0 as
ψ0|X˜i := f˜i : X˜i −→ Y˜f(i) ⊆ Y0
for all i ∈ I. Now let x1 be any point in X1 and let x˜i := s(x1) ∈ X˜i for some i ∈ I.
Since Pf is a good subset of Ch(X ), then there is a (non-unique) λ ∈ Pf (i,−) such
that x1 = germx˜i λ. We set
ψ1(x1) := germf˜i(x˜i) νf (λ) ∈ Y1. (4.5)
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If λ′ is another element of Pf (i,−) such that x1 = germx˜i λ
′, then property (M5d)
for fˆ proves that germ
f˜i(x˜i)
νf (λ) = germf˜i(x˜i) νf (λ
′), so ψ1 is a well-defined set
map from X1 to Y1. A direct check proves that both ψ0 and ψ1 are smooth and
that the pair (ψ0, ψ1) satisfies Definition 4.2, so it is a morphism of Lie groupoids
from F red0 (X ) to F
red
0 (Y). Now let us suppose that
fˆ ′ :=
(
f, f,
{
f˜i
}
i∈I
, P ′f , ν
′
f
)
is another representative for [fˆ ]. Then by Definition 1.11 we get that the morphism
from F red0 (X ) to F
red
0 (Y) associated to fˆ
′ coincides with (ψ0, ψ1). Therefore it
makes sense to set
F red1 ([fˆ ]) := (ψ0, ψ1) : F
red
0 (X ) −→ F
red
0 (Y).
Construction 4.14. Now let us fix any pair of atlases X and Y for X and Y
respectively and any pair of morphisms [fˆ1], [fˆ2] : X → Y over a continuous function
f : X → Y , with representatives
fˆm :=
(
f, f
m
,
{
f˜mi
}
i∈I
, Pfm , νfm
)
for m = 1, 2.
Let us also fix any 2-morphism [δ] : [fˆ1]⇒ [fˆ2] and any representative
δ :=
{(
X˜ai , δ
a
i
)}
i∈I, a∈A(i)
for it. Let us set
F red0 (X ) =:
(
X1 ⇒
s
t
X0
)
, F red0 (Y) =:
(
Y1 ⇒
s
t
Y0
)
,
F red1 ([fˆ
m]) =: (ψm0 , ψ
m
1 ) for m = 1, 2.
Then let us define a set map δ : X0 =
∐
i∈I X˜i → Y1 as
δ(x˜i) := germf˜1
i
(x˜i)
δai
for every i ∈ I, for every a ∈ A and for every x˜i ∈ X˜
a
i ; this is well-defined by
property (2Md) for δ. We claim that δ is a natural transformation from (ψ10 , ψ
1
1)
to (ψ20 , ψ
2
1). Clearly δ is smooth, indeed on each open subset of X0 of the form X˜
a
i
we have that δ coincides with the composition of f˜1i (that is smooth by definition
of local lift) and of the inverse of the chart τδa
i
for Y1 (see (4.4)). Moreover, let us
fix any i ∈ I, any a ∈ A(i) and any x˜i ∈ X˜
a
i . Then
s ◦ δ(x˜i) = s
(
germ
f˜1
i
(x˜i)
δai
)
= f˜1i (x˜i) = ψ
1
0(x˜i),
t ◦ δ(x˜i) = t
(
germ
f˜1
i
(x˜i)
δai
)
= δai ◦ f˜
1
i (x˜i)
(2Mc)
= f˜2i (x˜i) = ψ
2
0(x˜i),
so δ satisfies axiom (NT1). Now let us fix any point x1 ∈ X1 and let us set
x˜i := s(x1), xi′ := t(x1) for a unique pair (i, i
′) ∈ I × I. Since both Pf1 and Pf2
are good subsets of Ch(X ), then for each m = 1, 2 there exists λm ∈ Pfm(i, i
′) such
that germx˜i λ
m = x1. By property (2Ma) there exist a ∈ A(i) and a
′ ∈ A(i′) such
that x˜i ∈ X˜
a
i and xi′ ∈ X˜
a′
i′ . Then:
(
m ◦
(
δ ◦ s, ψ21
))
(x1) = m
(
δ(x˜i), ψ
2
1
(
germx˜i λ
2
)) (4.5)
=
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(4.5)
= m
(
germ
f˜1
i
(x˜i)
δai , germf˜2
i
(x˜i)
ν2f (λ
2)
)
= germ
f˜2
i
(x˜i)
ν2f (λ
2) · germ
f˜1
i
(x˜i)
δai
(2Me)′
=
(2Me)′
= germ
f˜1
i′
(λ1(x˜i))
δa
′
i′ · germf˜1
i
(x˜i)
ν1f (λ
1)
(4.5)
= m
(
ψ11
(
germx˜i λ
1
)
, δ
(
λ1(x˜i)
))
=
=
(
m ◦
(
ψ11 , δ ◦ t
))
(x1).
So δ satisfies also axiom (NT2); therefore δ is a natural transformation from
F red1 ([fˆ
1]) to F red1 ([fˆ
2]). By Definition 1.21 we get that δ depends only on [δ]
and not on the representative δ chosen for that class. So it makes sense to set:
F red2 ([δ]) := δ : F
red
1 ([fˆ
1]) =⇒ F red1 ([fˆ
2]).
A direct check proves that:
Lemma 4.15. For every pair of composable morphisms [fˆ ] : X → Y, [gˆ ] : Y → Z
we have F red1 ([gˆ ] ◦ [fˆ ]) = F
red
1 ([gˆ ]) ◦ F
red
1 ([fˆ ]). For every reduced orbifold atlas X
we have F red1 (idX ) = idF red0 (X ); for every morphism [fˆ ] between reduced orbifold
atlases we have F red2 (i[fˆ ]) = iF red1 ([fˆ ])
.
Lemma 4.16. Let us fix any diagram in (RedAtl) as follows:
X
[fˆ2]
Y.
⇓ [δ]
⇓ [σ]
[fˆ1]
[fˆ3]
Then F red2 ([σ]⊙ [δ]) = F
red
2 ([σ])⊙F
red
2 ([δ]).
Proof. Let us set representatives
fˆm :=
(
f, f
m
,
{
f˜mi
}
i∈I
, Pfm , νfm
)
for m = 1, 2, 3
for each [fˆm] and representatives
δ =
{(
X˜ai , δ
a
i
)}
i∈I, a∈A(i)
and σ =
{(
X˜bi , σ
b
i
)}
i∈I, b∈B(i)
for [δ] and [σ] respectively, as in Construction 2.1. Then let us set F red2 ([δ]) =: δ
and F red2 ([σ]) =: σ; let us fix any i ∈ I, any (a, b) ∈ A(i) × B(i) and any x˜i ∈
X˜a,bi := X˜
a
i ∩ X˜
b
i . Then
(
F red2 ([σ])⊙F
red
2 ([δ])
)
(x˜i) = (σ ⊙ δ) (x˜i)
(∗)
= m (δ(x˜i), σ(x˜i)) =
= m
(
germ
f˜1
i
(x˜i)
δai , germf˜2
i
(x˜i)
σbi
)
= germ
f˜2
i
(x˜i)
σbi · germf˜1
i
(x˜i)
δai =
= germ
f˜1
i
(x˜i)
σbi ◦ δ
a
i |Y˜ a,bi
= F red2
(
[σ]⊙ [δ]
)
(x˜i),
where Y˜ a,bi is defined as in (2.1) and (∗) is the definition of vertical composition of
2-morphisms in (LieGpd), hence also in (PEE´ Gpd). 
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Lemma 4.17. Let us fix any diagram in (RedAtl) as follows:
X Y Z.⇓ [ξ]⇓ [δ]
[gˆ1]
[gˆ2]
[fˆ1]
[fˆ2]
Then F red2 ([ξ] ∗ [δ]) = F
red
2 ([ξ]) ∗ F
red
2 ([δ]).
Proof. Let us set representatives
fˆm :=
(
f, f
m
,
{
f˜mi
}
i∈I
, Pfm , νfm
)
for m = 1, 2,
gˆm :=
(
g, gm,
{
g˜mj
}
j∈J
, Pgm , νgm
)
for m = 1, 2
for [fˆm] and [gˆm] respectively and representatives
δ =
{(
X˜ai , δ
a
i
)}
i∈I, a∈A(i)
, ξ =
{(
Y˜ cj , ξ
c
j
)}
j∈J, c∈C(j)
for [δ] and [ξ] respectively, as in Construction 2.4; let us denote by
γ =
{(
X˜a,c,ei , γ
a,c,e
i
)}
i∈I, (a,c)∈A(i)×C(f
2
(i)), e∈E(i,a,c)
a representative for [ξ] ∗ [δ], obtained as in the already mentioned construction.
Then let us set:
F red0 (X ) =:
(
X1 ⇒
s
t
X0
)
, F red0 (Y) =:
(
Y1 ⇒
s
t
Y0
)
, F red0 (Z) =:
(
Z1 ⇒
s
t
Z0
)
,
F red1 ([fˆ
m]) =: (ψm0 , ψ
m
1 ), F
red
1 ([gˆ
m]) =: (φm0 , φ
m
1 ) for m = 1, 2,
F red2 ([δ]) =: δ, F
red
2 ([ξ]) =: ξ.
Let us fix any i ∈ I, any (a, c) ∈ A(i) × C(f
2
(i)), any e ∈ E(i, a, c) and any point
x˜i ∈ X˜
a,c,e
i . Then we have
(
F red2 ([ξ]) ∗ F
red
2 ([δ])
)
(x˜i)
(∗)
= m ◦
(
φ11 ◦ δ(x˜i), ξ ◦ ψ
2
0(x˜i)
)
=
= m
(
φ11
(
germ
f˜1
i
(x˜i)
δai
)
, ξ
(
f˜2i (x˜i)
))
=
= m
(
germ
g˜1
f1(i)
◦f˜1
i
(x˜i)
ν1g(δ˜
a
i ), germg˜1
f2(i)
◦f˜2
i
(x˜i)
ξc
f
2
(i)
)
=
= germ
g˜1
f2(i)
◦f˜2i (x˜i)
ξc
f
2
(i)
· germ
g˜1
f1(i)
◦f˜1i (x˜i)
ν1g (δ˜
a
i ) =
= germ
g˜1
f1(i)
◦f˜1
i
(x˜i)
ξc
f
2
(i)
◦ ν1g(δ˜
a
i )|Z˜a,c,e
i
= F red2
(
[ξ] ∗ [δ]
)
(x˜i),
where δ˜ai and Z˜
a,c,e
i are defined as in Construction 2.4 and (∗) is the definition of
horizontal composition in (LieGpd). 
Lemmas 4.12, 4.15, 4.16 and 4.17 prove that:
Theorem 4.18. The data F red := (F red0 ,F
red
1 ,F
red
2 ) define a 2-functor from
(RedAtl) to (PEE´ Gpd).
We state some properties of F red that we are going to use soon.
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Lemma 4.19. (adapted from [Po, Proposition 4.9]) Let us fix any pair of reduced
orbifold atlases X ,Y for X and Y respectively. Let us set F red0 (X ) =: (X1 ⇒
s
t
X0)
and F red0 (Y) =: (Y1 ⇒
s
t
Y0). Let us also fix any morphism (ψ0, ψ1) : (X1 ⇒
s
t
X0)→
(Y1 ⇒
s
t
Y0). Then there is a unique morphism [fˆ ] : X → Y in (RedAtl), such that
F red1 ([fˆ ]) = (ψ0, ψ1).
Proof. Let us suppose that X = {(X˜i, Gi, πi)}i∈I and Y = {(Y˜j , Hj , χj)}j∈J .
Since each X˜i is connected by definition of orbifold atlas, then the morphism
ψ0 : X0 → Y0 induces a set map f : I → J such that ψ0(X˜i) ⊆ Y˜f(i) for ev-
ery i ∈ I. For each i ∈ I we set f˜i := ψ0|X˜i : X˜i → Y˜f(i).
Now let us consider the continuous and surjective maps
π : X0 =
∐
i∈I
X˜i−։X and χ : Y0 =
∐
j∈j
Y˜j −։Y
defined as π|
X˜i
:= πi for each i ∈ I and χ|Y˜j := χj for each j ∈ J . If we consider
the equivalence relation ∼X on X0 defined in Remark 4.6 and the induced quotient
prX• : X0 ։ |X•| = X0/ ∼X , then we can construct easily an homeomorphism
ϕX : |X•|
∼
→ X , such that ϕX ◦prX• = π. Analogously, there is an homeomorphism
ϕY : |Y•|
∼
→ Y such that ϕY ◦ prY• = χ. Then we define a continuous map
f : X → Y as f := ϕY ◦ |ψ•| ◦ ϕ
−1
X , where |ψ•| is the continuous map |X•| → |Y•|
induced by ψ• as in Remark 4.6. Then we get that
f ◦ π = ϕY ◦ |ψ•| ◦ ϕ
−1
X ◦ π = ϕY ◦ |ψ•| ◦ prX•
(4.1)
= ϕY ◦ prY• ◦ψ0 = χ ◦ ψ0,
hence
f(πi(x˜i)) = χ ◦ ψ0(x˜i) = χf(i) ◦ f˜i(x˜i) ∀ i ∈ I, ∀ x˜i ∈ X˜i,
so the collection {f˜i}i∈I satisfies condition (M3) (see Definition 1.10). Now let us
fix any i ∈ I, any xi ∈ X˜i and any λ ∈ Ch(X , i,−) with xi ∈ domλ. Using the
construction of Y1 and the fact that (ψ0, ψ1) commutes with s (see Definition 4.2),
there is a (non-unique) ω ∈ Ch(Y, f(i),−) such that
ψ1(germxi λ) = germψ0(xi) ω = germf˜i(xi) ω. (4.6)
Now ψ1 is continuous, so the set A := ψ
−1
1 (Y1(ω))∩X1(λ) ⊆ X1 is an open set (for
the notations used here, see (4.4)); A is non-empty since it contains germxi λ. For
each point x˜i ∈ s(A) ⊆ X0, using the definition of A (and the fact that s commutes
with (ψ0, ψ1), we have
ψ1(germx˜i λ) = germψ0(x˜i) ω = germf˜i(x˜i) ω (4.7)
(so (4.6) holds not only for xi, but also for every x˜i in an open neighborhood of
xi). Now let us choose any open connected subset X˜λ,xi,ω ⊆ s(A) ⊆ X0, such that:
• xi ∈ X˜λ,xi,ω;
• X˜λ,xi,ω is invariant under the action of Stab(Gi, xi);
• for all g ∈ Gi r Stab(Gi, xi) we have g(X˜λ,xi,ω) ∩ X˜λ,xi,ω = ∅
(in this way, λ is again a change of charts if restricted to X˜λ,xi,ω). Then let us set
Pf :=
{
λ|
X˜λ,xi,ω
∀ i ∈ I, ∀λ ∈ Ch(X , i,−), ∀xi ∈ domλ
}
;
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if we have 2 (or more) collections (λ, xi, ω) and (λ
′, x′i, ω
′) such that
λ|
X˜λ,xi,ω
= λ′|
X˜λ′,x′
i
,ω′
, (4.8)
then we simply make an arbitrary choice of a triple (λ, xi, ω) associated to the
morphism (4.8) in Pf . Then for each λ|X˜λ,xi,ω
∈ Pf we set νf
(
λ|
X˜λ,xi,ω
)
:= ω and
it is easy to see that the collection
fˆ :=
(
f, f ,
{
f˜i
}
i∈I
, Pf , νf
)
is a representative of a morphism from X to Y. The collection fˆ depends on some
choices, but the class [fˆ ] depends only on (ψ0, ψ1). A direct check using (4.7) proves
that F red1 ([fˆ ]) = (ψ0, ψ1); moreover it is easy to see that if [fˆ
1], [fˆ2] : X → Y are
such that F red1 ([fˆ
1]) = F red1 ([fˆ
2]), then [fˆ1] = [fˆ2]. This suffices to complete the
proof. 
Lemma 4.19 proves that [fˆ ] as above is unique. So the previous proof implies that:
Corollary 4.20. Let us fix any reduced orbifold atlas X = {(X˜i, Gi, πi)}i∈I on
a topological space X and let us set X• := F
red
0 (X ). Then there is a canonical
homeomorphism ϕX : |X•|
∼
→ X (sending each point [x˜i] ∈ |X•| to πi(x˜i) for each
point x˜i ∈ X˜i and for each i ∈ I). Here “canonical ” means that given any other
reduced orbifold atlas Y on a topological space Y and any morphism of reduced
orbifold atlases [fˆ ] : X → Y over a continuous map f : X → Y , we have
f ◦ ϕX = ϕY ◦ |F
red
1 ([fˆ ])|,
where |F red1 ([fˆ ])| is the continuous map from |X•| to |Y•| associated to F
red
1 ([fˆ ])
by Remark 4.6.
Lemma 4.21. Let us fix any pair of reduced orbifold atlases X ,Y for 2 topological
spaces X and Y respectively, and any pair of morphisms [fˆm] : X → Y for m = 1, 2
with representatives
fˆm :=
(
f, f ,
{
f˜mi
}
i∈I
, Pfm , νfm
)
for m = 1, 2.
Let us set
F red0 (X ) =: X•, F
red
0 (Y) := Y•, F
red
1 ([fˆ
m]) =: ψm• for m = 1, 2.
Let us also fix any natural transformation α : ψ1• ⇒ ψ
2
•. Then there exists a unique
2-morphism [δ] : [fˆ1]⇒ [fˆ2] such that F red2 ([δ]) = α.
Proof. By Definition 4.3, α is a smooth map from X0 to Y1 such that s ◦ α = ψ
1
0 ;
so for each i ∈ I and for each xi ∈ X˜i ⊆ X0, we can choose a change of charts δ
xi
i
of Y, such that
α(xi) = germψ10(xi) δ
xi
i = germf˜1
i
(xi)
δxii . (4.9)
For each xi ∈ X˜i we consider the set
Y1(δ
xi
i ) :=
{
germy˜
f1(i)
δxii ∀ y˜f1(i) ∈ dom δ
xi
i
}
⊆ Y1.
By Construction 4.11 (for Y1 instead of X1), Y1(δ
xi
i ) is open in Y1; moreover the
map τ : Y1(δ
xi
i )→ dom δ
xi
i defined by
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τ
(
germy˜
f1(i)
δxii
)
:= y˜
f
1
(i)
is a diffeomorphism to an open connected subset of some Rn (here n is the dimension
of the atlas Y). Then we define an open set:
X˜xii := α
−1(Y1(δ
xi
i )) ∩ X˜i.
For each i ∈ I we choose any collection {xai }a∈A(i) such that the family {X˜
xai
i }a∈A(i)
is an open covering of X˜i. For simplicity of notations, we set δ
a
i := δ
xai
i and
X˜ai := X˜
xai
i . We claim that the collection δ := {(X˜
a
i , δ
a
i )}i∈I,a∈A(i) is a repre-
sentative of a 2-morphism from [fˆ1] to [fˆ2].
In order to prove that, let us fix any i ∈ I, any a ∈ A(i) and any x˜i ∈ X˜
a
i . By
definition of X˜ai and using condition (NT1) (see Definition 4.3), we have:
α(x˜i) = germψ10(x˜i) δ
a
i = germf˜1
i
(x˜i)
δai (4.10)
(in other terms, (4.9) holds not only for the point xai , but also for any x˜i in an open
neighborhood of xi). Again by (NT1) we have t ◦ α = ψ
2
0 ; so for each x˜i ∈ X˜
a
i we
have
f˜2i (x˜i) = ψ
2
0(x˜i) = t ◦ α(x˜i) = t
(
germ
f˜1
i
(x˜i)
δai
)
= δai ◦ f˜
1
i (x˜i),
so in particular
f˜1i (X˜
a
i ) ⊆ dom δ
a
i and f˜
2
i (X˜
a
i ) ⊆ cod δ
a
i ;
therefore properties (2Ma), (2Mb) and (2Mc) (see Definition 1.18) are verified for
δ. If a and a′ are indices in A(i) and x˜i ∈ X˜
a
i ∩ X˜
a′
i , then by (4.10) we have
germ
f˜1
i
(x˜i)
δai = α(x˜i) = germf˜1
i
(x˜i)
δa
′
i ,
so (2Md) holds. Now let us fix any (i, i′) ∈ I × I, any (a, a′) ∈ A(i) × A(i′),
any λ ∈ Ch(X , i, i′) and any x˜i ∈ domλ ∩ X˜
a
i such that λ(x˜i) ∈ X˜
a′
i′ . Since
Pf1 and Pf2 are both good subsets of Ch(X ), then for each m = 1, 2 there exists
λm ∈ Pfm(i, i
′) such that x˜i ∈ domλ
m and germx˜i λ
m = germx˜i λ. We recall (see
Construction 4.13) that
ψm1 (germx˜i λ) = germf˜m
i
(x˜i)
νfm(λ
m) for m = 1, 2.
Therefore:
germ
f˜2
i
(x˜i)
νf2(λ
2) · germ
f˜1
i
(x˜i)
δai = m
(
germ
f˜1
i
(x˜i)
δai , germf˜2
i
(x˜i)
νf2(λ
2)
)
(4.10)
=
(4.10)
=
(
m ◦
(
α ◦ s, ψ21
))
(germx˜i λ
2)
(NT 2)
=
(
m ◦
(
ψ11 , α ◦ t
))
(germx˜i λ
1) =
= m
(
germ
f˜1i (x˜i)
νf1
(
λ1
)
, germ
f˜1
i′
(λ1(x˜i))
δa
′
i′
)
=
= germ
f˜1
i′
(λ(x˜i))
δa
′
i′ · germf˜1
i
(x˜i)
νf1(λ
1).
So also property (2Me) holds. Therefore δ is a representative of a 2-morphism from
[fˆ1] to [fˆ2]. Different choices of the sets {xai }a and {δ
a
i }a give rise to different δ’s,
but their equivalence class [δ] is the same. Now by (4.10) we get that F red2 ([δ]) = α;
moreover, a direct computation proves that if [δ1] and [δ2] are such that F red2 ([δ
1]) =
F red2 ([δ
2]), then [δ1] = [δ2]. This suffices to conclude. 
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So we have proved that for every pair of reduced orbifold atlases X ,Y the functor
F red(X ,Y) : (RedAtl)(X ,Y) −→ (PEE´ Gpd)(F red0 (X ),F
red
0 (Y))
is a bijection on objects and morphisms (i.e. on 1-morphisms and 2-morphisms of
(RedAtl) and of (PEE´ Gpd)). F red0 is not injective; indeed, given any homeomor-
phism f : X
∼
→ Y and any reduced orbifold atlas X on X , by Definition 1.17 we
get that F red0 (X ) = F
red
0 (f∗(X )). It is not difficult to see that actually this is the
only point where F red0 fails to be injective. We will see in Lemma 6.11 below that
F red0 is surjective only up to “Morita equivalences”.
5. Morita equivalences between étale groupoids
As we mentioned in the Introduction, the bicategory of reduced orbifold atlases
described in terms of proper, effective and étale groupoids is not (PEE´ Gpd), but
a bicategory obtained from (PEE´ Gpd) by selecting a suitable class of morphisms
(Morita equivalences, see below) and by “turning” them into internal equivalences.
We briefly recall the axioms that are needed for that construction. We do that
firstly because we will need the explicit description of the bicategory obtained from
(PEE´ Gpd) by applying such a procedure; secondly, because later we will need to
perform an analogous construction on (RedAtl).
Definition 5.1. ([Pr, § 2.1] in the special case of 2-categories instead of bicatego-
ries) Let us fix any 2-category C and any class W of morphisms in C . We recall
that the pair (C ,W) is said to admit a right bicalculus of fractions if the following
conditions are satisfied:
(BF1) for every object A of C , the 1-identity idA belongs to W;
(BF2) W is closed under compositions;
(BF3) for every morphism w : A → B in W and for every morphism f : C → B,
there are an object D, a morphism w′ : D → C in W, a morphism f ′ : D →
A and an invertible 2-morphism α : f ◦ w′ ⇒ w ◦f ′;
(BF4) (a) given any morphism w : B → A in W, any pair of morphisms f1, f2 :
C → B and any α : w ◦f1 ⇒ w ◦f2, there are an object D, a morphism
v : D → C in W and a 2-morphism β : f1 ◦ v ⇒ f2 ◦ v, such that
α ∗ iv = iw ∗ β;
(b) if α in (a) is invertible, then so is β;
(c) if (D′, v′ : D′ → C, β′ : f1 ◦ v′ ⇒ f2 ◦ v′) is another triple with the
same properties of (D, v, β) in (a), then there are an object E, a pair
of morphisms u : E → D, u′ : E → D′ and an invertible 2-morphism
ζ : v ◦ u⇒ v′ ◦ u′, such that v ◦ u belongs to W and(
β′ ∗ iu′
)
⊙
(
if1 ∗ ζ
)
=
(
if2 ∗ ζ
)
⊙
(
β ∗ iu
)
;
(BF5) if w : A→ B is a morphism in W, v : A→ B is any morphism and if there
is an invertible 2-morphism α : v ⇒ w, then also v belongs to W.
We recall the following fundamental result:
Theorem 5.2. [Pr, Theorem 21] Given any 2-category or bicategory C and any
class W as before, there are a bicategory C
[
W−1
]
(called right bicategory of frac-
tions) and a pseudofunctor UW : C → C
[
W−1
]
that sends each element of W to
an internal equivalence and that is universal with respect to such a property.
Remark 5.3. In the notations of [Pr], UW is called bifunctor, but this notation is no
more in use. For the precise meaning of “universal” we refer directly to [Pr, § 3.2].
In particular, the bicategory C
[
W−1
]
is unique up equivalences of bicategories.
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In [Pr] the theorem above is stated with (BF1) replaced by the slightly stronger
hypothesis
(BF1)′: all the equivalences of C are in W.
By looking carefully at the proofs in [Pr], it is easy to see that the only part of
axiom (BF1)′ that is really used in all the computations is (BF1), so we are allowed
to state the theorem of [Pr] under such less restrictive hypothesis.
We refer to [Pr, § 2.2, 2.3, 2.4] and to our paper [T2] for more details on the con-
struction of bicategories of fractions and to [Lei, § 1.5] for a general overview on
bicategories and pseudofunctors. Note that even if C is a 2-category, in general
C
[
W−1
]
is only a bicategory (with trivial unitors but possibly non-trivial associ-
ators). In other terms, in C
[
W−1
]
in general the composition of morphisms and
the horizontal compositions of 2-morphisms are associative only up to canonical
invertible 2-morphisms.
We recall also the following definition, that will be very useful soon.
Definition 5.4. [T3, Definition 2.1] Let us fix any bicategory C and any class W
of morphisms in it (not necessarily satisfying conditions (BF)). Then we define a
class Wsat as the class of all morphisms f : B → A in C , such that there is a pair
of objects C,D and a pair of morphisms g : C → B, h : D → C, such that both
f ◦ g and g ◦h belong to W. We call Wsat the (right) saturation of W; we say that
W is (right) saturated if it coincides with its saturation.
We recall (see [M, § 2.4]) that a morphism (ψ0, ψ1) : (X1 ⇒
s
t
X0) → (Y1 ⇒
s
t
Y0)
between Lie groupoids is a Morita equivalence (also known as weak equivalence or
essential equivalence) if and only if the following 2 conditions hold:
(ME1) the smooth map t ◦ π1 : Y1 s×ψ0 X0 → Y0 is a surjective submersion (here
π1 is the projection Y1 s ×ψ X0 → Y1 and the fiber product is a manifold
since s is a submersion);
(ME2) the following square is cartesian (it is commutative by Definition 4.2):
X1 Y1
X0 ×X0 Y0 × Y0.
ψ1
(s,t) (s,t)
(ψ0×ψ0)
(5.1)
Any 2 Lie groupoids X• and Y• are said to be Morita equivalent (or weakly equi-
valent or essentially equivalent) if and only if there are a Lie groupoid Z• and 2
Morita equivalences as follows
X• Z• Y•.
ψ1• ψ
2
•
This is actually an equivalence relation, see for example [MM, Chapter 5]. Given
any Morita equivalence as above, the induced set map |ψ•| is surjective by (ME1)
and it is injective as a consequence of (ME2). If both X• and Y• are étale, then
by [MM, Exercise 5.16(4)] the map ψ0 is étale, hence open. If in addition X• and
Y• are also proper, then prY• : Y0 ։ |Y•| is also open and |ψ•| is continuous (see
Remark 4.6). Since the projection prX• : X0 ։ |X•| is continuous and surjective,
then diagram (4.1) proves that the induced map |ψ•| is open, i.e. that |ψ•|
−1 is
continuous, so we have:
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Lemma 5.5. Let us fix any Morita equivalence ψ• : X• → Y• between proper,
étale groupoids. Then the induced continuous map |ψ•| : |X•| → |Y•| is an homeo-
morphism.
Lemma 5.6. Let us fix any pair of proper, effective, étale groupoids X•,Y• and
any pair of Morita equivalences ψ1•, ψ
2
• : X• → Y•. Then the following facts are
equivalent:
(a) the topological maps |ψ1•| and |ψ
2
•| (see Remark 4.6) coincide;
(b) there exists a natural transformation α : ψ1• ⇒ ψ
2
• in (PEE´ Gpd);
(c) there exists a unique natural transformation α : ψ1• ⇒ ψ
2
• in (PEE´ Gpd).
Proof. Let us assume (a) and let us prove (b). Using [MM, Exercise 5.16(4)] we
get that both ψ10 and ψ
2
0 are étale maps, so for every point x0 in X0 there is an
open neighborhood Wx0 of x0, such that both ψ
1
0 and ψ
2
0 are diffeomorphisms if
restricted to Wx0 . Then the map fx0 defined by
fx0 := ψ
2
0 ◦
(
ψ10 |Wx0
)−1
: ψ10(Wx0) −→ ψ
2
0(Wx0)
is a diffeomorphism from an open neighborhood of ψ10(x0) to an open neighborhood
of ψ20(x0). Moreover, since the topological maps |ψ
1
• | and |ψ
2
•| (both defined from
|X•| to |Y•|) coincide, then we get easily that fx0 commutes with the projection
prY• : Y• ։ |Y•| (see Remark 4.6). By Lemma 4.9 (applied to Y•), the set map
κY•(ψ
1
0(x0), ψ
2
0(x0),−) is a bijection. Therefore, it makes sense to define
α(x0) := κY•(ψ
1
0(x0), ψ
2
0(x0),−)
−1(germψ10(x0) fx0) ∀x0 ∈ X0.
So we have defined a set map α : X0 → Y1. Given any point x0 ∈ X0, by definition
of κY•(ψ
1
0(x0), ψ
2
0(x0),−) (see (4.2)) we have
s ◦ α(x0) = ψ
1
0(x0), t ◦ α(x0) = ψ
2
0(x0). (5.2)
Since both s and ψ10 are étale, the first identity implies that α is an étale map;
moreover (5.2) proves that condition (NT1) holds for α (see Definition 4.3). We
want to prove also that condition (NT2) is satisfied. In order to prove that, let us
fix any point x1 ∈ X1 and let us set x0 := s(x1) and x
′
0 := t(x1). Then we have:
germψ10(x0) fx0 = germx0 ψ
2
0 · (germx0 ψ
1
0)
−1 =
= germx0 ψ
2
0 · germx1 s · (germx1 t)
−1 · germx1 t · (germx1 s)
−1 · (germx0 ψ
1
0)
−1 (∗)=
(∗)
= germψ21(x1) s · germx1 ψ
2
1 · (germx1 t)
−1·
· germx1 t · (germx1 ψ
1
1)
−1 · (germψ11(x1) s)
−1 (∗)=
(∗)
= germψ21(x1) s · (germψ21(x1) t)
−1 · germx′0 ψ
2
0 ·
·(germx′0 ψ
1
0)
−1 · germψ11(x1) t · (germψ11(x1) s)
−1 =
=
(
κY•(ψ
2
0(x0), ψ
2
0(x
′
0), ψ
2
1(x1))
)−1
· germψ10(x′0) fx
′
0
· κY•(ψ
1
0(x0), ψ
1
0(x
′
0), ψ
1
1(x1)).
where all the identities denoted by (∗) are a consequence of Definition 4.2 for ψ1•
and ψ2• . This implies that:
κY•(ψ
2
0(x0), ψ
2
0(x
′
0), ψ
2
1(x1)) · germψ10(x0) fx0 =
= germψ10(x′0) fx
′
0
· κY•(ψ
1
0(x0), ψ
1
0(x
′
0), ψ
1
1(x1)). (5.3)
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Using the definition of κY•(−,−,−) (see Remark 4.7 with X• replaced by Y•), it
is easy to prove that given any pair of objects y1, y˜1 ∈ Y1 with t(y1) = s(y˜1), we
have
κY•(s(y1), t(y˜1),m(y1, y˜1)) = κY•(s(y˜1), t(y˜1), y˜1) · κY•(s(y1), t(y1), y1).
We apply this fact to (5.3) together with the definition of α and the fact that the
set maps κY•(y0, y
′
0,−) are injective for every pair of points y0, y
′
0 in Y0 (see again
Lemma 4.9). So we conclude that:
m(α(x0), ψ
2
1(x1)) = m(ψ
1
1(x1), α(x
′
0)).
In other terms, we have m(α ◦ s(x1), ψ
2
1(x1)) = m(ψ
1
1(x1), α ◦ t(x1)) for every point
x1 in X1. This proves that condition (NT2) holds for α, so we have constructed a
natural transformation α : ψ1• ⇒ ψ
2
• as required in (b).
Now let us assume (b) and let us prove that (c) holds. So let us suppose that
there is a pair of natural transformations α, β : ψ1• ⇒ ψ
2
•. We denote by X
reg
0
the subset of X0 consisting of regular points, namely those points x0 such that
(s, t)−1(x0, x0) = {e(x0)} ⊂ X1. Since X• is effective by hypothesis, then X
reg
0
is open and dense in X0. Let us fix any point x0 in X
reg
0 ; since ψ
1
• is a Morita
equivalence, then by (ME2) (see Definition 5.4) we get that ψ10(x0) belongs to Y
reg
0 .
Moreover, by (NT1) (see Definition 4.3) we have
s ◦m(α(x0), i ◦ β(x0)) = s ◦ α(x0) = ψ
1
0(x0)
and
t ◦m(α(x0), i ◦ β(x0)) = t ◦ i ◦ β(x0) = s ◦ β(x0) = ψ
1
0(x0),
hence
m(α(x0), i ◦ β(x0)) ∈ (s, t)
−1
{
(ψ10(x0), ψ
1
0(x0))
}
=
{
e ◦ ψ10(x0)
}
,
so α(x0) = β(x0) for each x0 ∈ X
reg
0 . Now let us denote by n the dimension of
the étale groupoid X• (i.e. the dimension of X0, equivalently of X1). If n = 0,
since X• is effective we have that X0 = X
reg
0 , so α = β. If n ≥ 1, then each
connected component of X0 contains a dense subset where α and β coincide. Since
such functions are both continuous (by Definition 4.3), with target in the Hausdorff
space Y1, then we conclude that α and β coincide everywhere, so (c) holds.
Lastly, let us assume that (c) holds and let us prove (a). Given any point x0 ∈ X0,
using condition (NT1) and Remark 4.6 we get that
|ψ1•|(prX•(x0)) = prY• ◦ψ
1
0(x0) = prY• ◦s ◦ α(x0) =
= prY• ◦t ◦ α(x0) = prY• ◦ψ
2
0(x0) = |ψ
2
•|(prX•(x0)),
so (a) holds. 
Note that the previous Lemma is false if we remove the hypothesis of effectiveness.
We denote by WE´ Gpd the set of all Morita equivalences in (E´ Gpd), i.e. the set of
all Morita equivalences between étale groupoids. Then we have the following useful
result (the second part of which was also proved in [PS, Lemma 8.1]).
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Lemma 5.7. [T3, Corollary 4.2(b) and (c) and Proposition 2.11(ii)] The class
WE´ Gpd is right saturated. In particular, it satisfies the “ 2-out-of-3-property”, i.e.
given any pair of morphisms φ• : X• → Y• and ψ• : Y• → Z• between étale
groupoids, if any 2 out of {φ•, ψ•, ψ• ◦ φ•} are Morita equivalences, then so is the
third one.
Moreover we have:
Proposition 5.8. [Pr, § 4.1] The set WE´ Gpd admits a right bicalculus of fractions,
so there are a bicategory (E´ Gpd)
[
W−1
E´ Gpd
]
and a pseudofunctor
UW
E´ Gpd
: (E´ Gpd) −→ (E´ Gpd)
[
W−1
E´ Gpd
]
that sends each Morita equivalence between étale groupoids to an internal equiva-
lence and that is universal with respect to such a property (see Remark 5.3).
We denote by WPE´ Gpd, respectively by WPEE´ Gpd, the set of all Morita equiva-
lences between proper and étale groupoids, respectively between proper, effective
and étale groupoids. Then we have the following standard result:
Proposition 5.9. The sets WPE´ Gpd and WPEE´ Gpd admit a right bicalculus of
fractions (in (PE´ Gpd) and (PEE´ Gpd) respectively), so there are a pair of bicate-
gories (PE´ Gpd)
[
W−1
PE´ Gpd
]
and (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
and pseudofunctors
UW
PE´ Gpd
: (PE´ Gpd) −→ (PE´ Gpd)
[
W−1
PE´ Gpd
]
,
UW
PEE´ Gpd
: (PEE´ Gpd) −→ (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
(5.4)
that send each Morita equivalence between proper, (effective) étale groupoids to an
internal equivalence and that are universal with respect to such a property (see
Remark 5.3). Moreover, both (PE´ Gpd)
[
W−1
PE´ Gpd
]
and (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
are full bi-subcategories of (E´ Gpd)
[
W−1
E´ Gpd
]
and we have a commutative diagram
as follows:
(PEE´ Gpd) (PE´ Gpd) (E´ Gpd)
(E´ Gpd)
[
W−1
E´ Gpd
]
,(PEE´ Gpd)
[
W−1
PEE´ Gpd
]
(PE´ Gpd)
[
W−1
PE´ Gpd
]
y y
UW
PEE´ Gpd
UW
PE´ Gpd
UW
E´ Gpd
where each map without a name denotes an embedding as full 2-subcategory or as
full bi-subcategory.
Proof. By [MM, Proposition 5.26], if X• and Y• are Morita equivalent Lie groupoids,
then the first Lie groupoid is proper if and only if the second one is so. Moreover,
by [MM, Example 5.21(2)] if X• and Y• are both étale and they are Morita equiva-
lent, then the first Lie groupoid is effective if and only if the second one is so (note
that being effective is not preserved by Morita equivalences if we remove the étale
condition).
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Now axioms (BF1), (BF2) and (BF5) are easily verified for the set WPEE´ Gpd. Let
us consider (BF3), so let us fix any triple of proper, effective, étale groupoids and
any pair of morphisms as follows
X• Y• Z•,
ψ• φ•
with ψ• Morita equivalence. By Proposition 5.8 we get that (BF3) holds in (E´ Gpd);
therefore there are an étale groupoid U•, a Morita equivalence ψ
′
• and a morphism
φ′• as follows
X• U• Z•
φ′• ψ
′
•
and a natural transformation α : ψ• ◦ φ
′
• ⇒ φ• ◦ ψ
′
•. Now Z• and U• are étale
groupoids that are weakly equivalent and the first one is proper and effective; so
also the second one is proper and effective. Therefore axiom (BF3) holds for the
set WPEE´ Gpd. An analogous proof shows that also (BF4) holds for WPEE´ Gpd.
The proofs for the set WPE´ Gpd are analogous. Therefore there are bicategories
and pseudofunctors as in the claim. The last part of the claim is straightforward
by looking at the explicit construction of the bicategories of fractions in [Pr, § 2.2
and 2.3] and using the remarks at the beginning of this proof. 
The bicategory (PE´ Gpd)
[
W−1
PE´ Gpd
]
is usually called in the literature the bica-
tegory of orbifolds (from the point of view of Lie groupoids); its bi-subcategory
(PEE´ Gpd)
[
W−1
PEE´ Gpd
]
is usually called the bicategory of effective (or reduced)
orbifolds. We refer to Description 7.9 below for an explicit description of the last
bicategory mentioned above.
6. Weak equivalences, unit weak equivalences and refinements in
(RedAtl)
In this section we introduce the notions of weak equivalences, unit weak equivalences
and refinements in (RedAtl). Using the 2-functor F red, the definition of weak
equivalences will match with the notion of Morita equivalences between proper,
effective, étale groupoids (see Proposition 6.9 below).
Definition 6.1. Let us fix any pair of reduced orbifold atlases X = {(X˜i, Gi, πi)}i∈I
on X and Y on Y and any morphism
[wˆ] :=
(
w,w, {w˜i}i∈I , [Pw, νw]
)
: X −→ Y. (6.1)
Then we say that [wˆ] is a refinement if and only if the following 2 conditions hold:
(REF1) X = Y and the continuous map w : X → X is equal to idX ;
(REF2) for each i ∈ I the smooth map w˜i is an open embedding; assuming (REF1),
this implies that [X ] = [Y].
We say that [wˆ] is a unit weak equivalence of reduced orbifold atlases if and only if
it satisfies condition (REF1) and
(UWE) for each i ∈ I the chart (X˜i, Gi, πi) on X is compatible with the atlas Y;
assuming (REF1), this is equivalent to imposing that [X ] = [Y].
We say that [wˆ] is a weak equivalence of reduced orbifold atlases if and only if it
satisfies the following conditions:
(WE1) the continuous map w : X → Y is an homeomorphism;
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(WE2) for each i ∈ I the chart (X˜i, Gi,w ◦πi) on Y is compatible with the atlas
Y; assuming (WE1), this is equivalent to imposing that [w∗(X )] = [Y] (see
Definition 1.17).
We say that [wˆ] is an open embedding of reduced orbifold atlases if and only if it
satisfies the following conditions:
(OE1) the continuous map w : X → Y is a topological open embedding;
(OE2) for each i ∈ I the chart (X˜i, Gi,w ◦πi) on Y is compatible with the atlas
Y; assuming (OE1), this is equivalent to imposing that [w∗(X )] = [Y|w(X)],
where Y|w(X) is the reduced orbifold atlas induced by Y on the open set
w(X) ⊆ Y .
So we have the following chain of inclusions:
{refinements} ⊂ {unit weak equivalences} ⊂
⊂ {weak equivalences} ⊂ {open embeddings}.
Lemma 6.2. Let us fix any pair of reduced orbifold atlases
X =
{(
X˜i, Gi, πi
)}
i∈I
, Y =
{(
Y˜j , Hj , χj
)}
j∈J
(6.2)
and any open embedding [wˆ] as in (6.1). Then for each i ∈ I the smooth map
w˜i : X˜i → Y˜w(i) is étale (i.e. a local diffeomorphism).
Proof. Let us fix any i ∈ I and any x˜i ∈ X˜i. By definition of morphism in
(RedAtl), we have
w ◦πi = χw(i) ◦ w˜i, (6.3)
so w ◦πi(x˜i) belongs to χw(i)(Y˜w(i)). By (OE2), the chart (X˜i, Gi,w ◦πi) is com-
patible with the atlas Y, so in particular it is compatible with (Y˜w(i), Hw(i), χw(i)).
Therefore there exists a change of charts λ from (X˜i, Gi,w ◦πi) to (Y˜w(i), Hw(i),
χw(i)), such that x˜i ∈ domλ. By Definition 1.3, we have
χw(i) ◦ λ = w ◦πi|domλ . (6.4)
Then let us consider the map
λ := w˜i ◦ λ
−1 : codλ −→ Y˜w(i). (6.5)
For each y˜ ∈ codλ we have
χw(i) ◦ λ(y˜) = χw(i) ◦ w˜i ◦ λ
−1(y˜)
(6.3)
= w ◦πi ◦ λ
−1(y˜)
(6.4)
= χw(i)(y˜).
So for each y˜ as before, there exists a (in general non-unique) h ∈ Hw(i) such that
λ(y˜) = h(y˜). Since codλ is connected, then by [MM, Lemma 2.11] there is a unique
h ∈ Hw(i) such that λ = h|codλ. Therefore,
w˜i|domλ
(6.5)
= λ ◦ λ = h ◦ λ.
So we have proved that for each i ∈ I the map w˜i coincides locally with a diffeo-
morphism. 
Remark 6.3. The previous lemma shows that the morphisms called “lift of the
identity” in [Po, Definition 5.8] coincide with the unit weak equivalences defined
before.
Lemma 6.4. Let us fix the following data:
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(a) a pair of reduced orbifold atlases X := {(X˜i, Gi, πi)}i∈I over X and Y :=
{(Y˜j, Hj , χj)}j∈J over Y ;
(b) a topological open embedding w : X →֒ Y ;
(c) a set map w : I → J ;
(d) for each i ∈ I an étale map w˜i : X˜i → Y˜w(i) such that χw(i) ◦ w˜i = w ◦πi.
Then there is a unique class [Pw, νw], such that the collection [wˆ] := (w,w, {w˜i}i∈I ,
[Pw, νw]) is a morphism of reduced orbifold atlases. Moreover, in this case [wˆ] is
actually an open embedding of reduced orbifold atlases.
Remark 6.5. Combining this with Lemma 6.2, this means that each open embed-
ding [wˆ] is completely determined by an underlying topological open embedding and
by a collection of étale local liftings. In particular, each refinement is completely
determined by a collection of open embeddings from each chart of X to some charts
of Y, commuting with the projections.
Proof of Lemma 6.4. Let us fix any pair i, i′ ∈ I, any λ ∈ Ch(X , i, i′) and any point
x˜i ∈ domλ. Since w˜i and w˜i′ are both étale, then there are open neighborhoods
X˜i(x˜i) of x˜i in domλ, respectively X˜i′(λ(x˜i)) of λ(x˜i) in codλ, where w˜i, respec-
tively w˜i′ , is invertible. Up to restricting X˜i(x˜i) to λ
−1(X˜i′(λ(x˜i))), we can assume
that λ(X˜i(x˜i)) = X˜i′(λ(x˜i)). So it makes sense to consider the diffeomorphism
νw(λ, x˜i) := w˜i′ ◦ λ ◦ w˜
−1
i : w˜i(X˜i(x˜i)) −→ w˜i′(X˜i′(λ(x˜i))).
By (d), this is a change of charts of Y. Now for each λ ∈ Ch(X , i, i′) we choose
a collection of points {x˜i,t}t∈T (λ) ⊂ domλ, such that the family {X˜i(x˜i,t)}t∈T (λ)
covers domλ (and such that X˜i(x˜i,t) 6= X˜i(x˜i,t′) for each t 6= t
′). Then we define
Pw :=
{
λ|
X˜i(x˜i,t)
∀ i ∈ I, ∀λ ∈ Ch(X , i,−), ∀ t ∈ T (λ)
}
;
for each λ|
X˜i(x˜i,t)
in such a set, we define νw(λ|X˜i(x˜i,t)) := νw(λ, x˜i,t). Then it is
easy to see that the class [Pw, νw] is such that (w,w, {w˜i}i∈I , [Pw, νw]) is a morphism
of reduced orbifold atlases. The fact that the class [Pw, νw] is unique is a direct
consequence of (M5c) (see Definition 1.10): given any λ in Pw(i, i
′), since w˜i is a
diffeomorphism if restricted enough in source and target, then for each x˜i ∈ domλ
the value of νw(λ) around w˜i(x˜i) is completely determined by (M5c). In other
terms, the class [Pw, νw] is uniquely determined. 
Lemma 6.6. Let us fix the following data:
• a finite number of reduced orbifold atlases X 1, · · · ,X r over a topological space
X, all belonging to the same orbifold structure [X ];
• a reduced orbifold atlas X ′ over a topological space X ′;
• an homeomorphism w : X ′
∼
→ X;
• a collection of weak equivalences of reduced orbifold atlases [wˆm] : X ′ → Xm
for m = 1, · · · , r, all defined over w.
Then there are a reduced orbifold atlas X over X and a weak equivalence [vˆ] : X →
X ′, such that:
• [vˆ] is defined over the homeomorphism w−1 : X → X ′;
• each local lift of [vˆ] is an open embedding;
• for each m = 1, · · · , r, [wˆm] ◦ [vˆ] is a refinement.
In particular, if X ′ = X and w = idX , then also [vˆ] is a refinement.
Proof. Let us suppose that X ′ = {(X˜ ′i, G
′
i, π
′
i)}i∈I and that
[wˆm] :=
(
w,wm, {w˜mi }i∈I , [Pwm , νwm ]
)
: X ′ −→ Xm for m = 1, · · · , r.
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By Lemma 6.2, for each i ∈ I and for each m = 1, · · · , r the smooth map w˜mi is
a local diffeomorphism, so for each i ∈ I there exist a (non-unique) open covering
{X˜ ′i,a}a∈A(i) of X˜
′
i, such that for each m = 1, · · · , r, the map w˜
m
i is an open
embedding if restricted to any X˜ ′i,a. For each i ∈ I and for each a ∈ A(i) there
exists a (non-unique) open covering {X˜ ′i,a,b}b∈B(i,a) of X˜
′
i,a, such that each X˜
′
i,a,b is
the domain of a chart (X˜ ′i,a,b, G
′
i,a,b, π
′
i|X˜′
i,a,b
) compatible with X ′. Then we define
a reduced orbifold atlas on X as follows:
X :=
{(
X˜ ′i,a,b, G
′
i,a,b,w ◦π
′
i|X˜′
i,a,b
)}
i∈I, a∈A(i), b∈B(i,a)
.
Now we consider the set map v sending each triple (i, a, b) to i; for each such triple
we define v˜i,a,b as the inclusion of X˜
′
i,a,b in X˜
′
i. Now let us fix any change of charts
λ ∈ Ch
(
X , (i, a, b), (i′, a′, b′)
)
.
By definition of change of charts, we have w ◦πi′ ◦ λ = w ◦πi; since w is an home-
omorphism, this implies that πi′ ◦ λ = πi, so λ can be considered as a change of
charts in Ch(X ′, i, i′); we denote by νv(λ) such a change of charts. Then we get
easily that the collection
[vˆ] :=
(
w−1, v, {v˜i,a,b}i,a,b,
[
Ch(X ), νv
] )
: X −→ X ′
is a morphism of reduced orbifold atlases. Now for each triple (i, a, b) and for
each m = 1, · · · , r the morphism w˜mi ◦ v˜i,a,b is an open embedding because by
construction w˜mi is an open embedding if restricted to X˜
′
i,a,b ⊆ X˜
′
i,a. Moreover,
the morphism [wˆm] ◦ [vˆ] is defined over w ◦w−1 = idX . Therefore, [wˆ
m] ◦ [vˆ] is a
refinement for each m = 1, · · · , r. 
The following 2 lemmas are on the same line of [Po, Propositions 5.3 and 6.2]; the
significant difference is given by the fact that we consider all the weak equivalences
instead of restricting only the unit weak equivalences considered in [Po].
Lemma 6.7. If [wˆ] : X → Y is a weak equivalence of reduced orbifold atlases, then
F red1 ([wˆ]) is a Morita equivalence of proper, effective, étale groupoids.
Proof. Let us use the notations of (6.1) and (6.2) and let us set:
F red0 (X ) :=
(
X1 ⇒
s
t
X0
)
, F red0 (Y) :=
(
Y1 ⇒
s
t
Y0
)
, F red1 ([wˆ]) := (ψ0, ψ1).
(6.6)
By Lemma 6.2 each w˜i is étale; therefore also ψ0 =
∐
i∈I w˜i is étale. So also the
induced projection (see property (ME1))
π1 : Y1 s ×ψ0 X0 −→ Y1
is étale. Since t is also étale, we conclude that t ◦ π1 is étale, so in particular
it is a submersion. Let us prove that it is also surjective. Let us fix any point
y˜j ∈ Y˜j ⊆ Y0; since w is an homeomorphism by (WE1), then it makes sense to
define x := w−1(χj(y˜j)). Let us choose any chart (X˜i, Gi, πi) in X and any x˜i ∈ X˜i,
such that πi(x˜i) = x. Then by definition of morphism in (RedAtl) we have:
χw(i) ◦ w˜i(x˜i) = w ◦πi(x˜i) = w(x) = χj(y˜j).
Since Y is a reduced orbifold atlas, there exists a change of charts ω from (Y˜w(i), Hw(i),
χw(i)) to (Y˜j , Hj, χj), such that w˜i(x˜i) ∈ domω and ω(w˜i(x˜i)) = y˜j . Then we set
p := (germw˜i(x˜i) ω, x˜i) and we get that p belongs to the fiber product Y1 s×ψ0 X0;
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moreover t◦π1(p) = y˜j . So we have proved that t◦π
1 is surjective, so (ME1) holds.
In order to prove that (ψ0, ψ1) is a Morita equivalence , we have also to prove
(ME2), i.e. we have to show that the commutative square (5.1) has the universal
property of fiber products. So let us fix any smooth manifold M together with any
pair of smooth maps a = (a1, a2) : M → X0 × X0 and b : M → Y1, such that
(s, t)◦ b = (ψ0×ψ0)◦ (a1, a2). We have to prove that there is a unique smooth map
c : M → X1, making the following diagram commute:
M
X1 Y1
X0 ×X0 Y0 × Y0.
y
y
y
(ψ0×ψ0)
c
ψ1
(s,t)
(a1,a2)
b
(s,t)
(6.7)
We have already said that ψ0 is étale; moreover by definition of étale groupoid we
have ψ0 ◦ s = s◦ψ1 and the 2-morphisms s in the previous identity are étale; hence
ψ1 is étale. So if we fix any point x1 ∈ X1 and we set x0 := s(x1) and x
′
0 := t(x1),
we have:
κX•(x0, x
′
0, x1)
(4.3)
= germx1 t · (germx1 s)
−1 =
= germx1 t · (germx1 ψ1)
−1 · germx1 ψ1 · (germx1 s)
−1 =
= (germx′0 ψ0)
−1 · germψ1(x1) t · (germψ1(x1) s)
−1 · germx0 ψ0
(4.3)
=
(4.3)
= (germx′0 ψ0)
−1 · κY•(ψ0(x0), ψ0(x
′
0), ψ1(x1)) · germx0 ψ0.
By Lemma 4.9 the set map κX•(x0, x
′
0,−) is a bijection, so:
x1 = κX•(x0, x
′
0,−)
−1
(
(germx′0 ψ0)
−1 · κY•(ψ0(x0), ψ0(x
′
0), ψ1(x1)) · germx0 ψ0
)
.
So for every pointm ∈M , if c(m) exists making (6.7) commute, then it is necessarily
equal to
c(m) = κX•(a1(m), a2(m),−)
−1(g(m)),
where g(m) is the germ defined as follows:
g(m) := (germa2(m) ψ0)
−1 · κY•(ψ0 ◦ a1(m), ψ0 ◦ a2(m), b(m)) · germa1(m) ψ0.
This proves the uniqueness of a morphism c as in (6.7). Moreover, using the de-
finition of κX•(−,−,−), the previous lines actually give rise to a well-defined set
map c : M → X1, making (6.7) commute. In particular, we have s ◦ c = a1; since
a1 is smooth by hypothesis and s is étale, this implies that c is smooth, so we have
proved that property (ME2) holds for (ψ0, ψ1). 
Lemma 6.8. Let X and Y be reduced orbifold atlases (for X and Y respectively).
Let (ψ0, ψ1) : F
red
0 (X ) → F
red
0 (Y) be a Morita equivalence and let [wˆ] : X → Y be
the unique morphism such that F red1 ([wˆ]) = (ψ0, ψ1) (see Lemma 4.19). Then [wˆ]
is a weak equivalence of reduced orbifold atlases.
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Proof. Let us use the notations of (6.2) and (6.6) and let us denote by
[wˆ] =
(
w,w, {w˜i}i∈I , [Pw, νw]
)
: X −→ Y
the unique morphism obtained from ψ• using Lemma 4.19. We recall that in the
proof of such lemma, we defined the continuous map w : X → Y (denoted by f in
the mentioned lemma), as w := ϕY ◦ |ψ•| ◦ϕ
−1
X , where both ϕX and ϕY are homeo-
morphisms. Since ψ• is a Morita equivalence of étale groupoids, then by Lemma 5.5
we have that also |ψ•| is an homeomorphism, so property (WE1) is satisfied.
In order to prove that [wˆ] is a weak equivalence, we need also to prove that for each
i ∈ I the chart (X˜i, Gi,w ◦πi) on Y is compatible with the atlas Y. So let us fix any
index j ∈ J and any pair of points (x˜i, y˜j) ∈ X˜i × Y˜j such that w ◦πi(x˜i) = χj(y˜j).
Then we have
χw(i) ◦ w˜i(x˜i) = w ◦πi(x˜i) = χj(y˜j).
Since Y is a reduced orbifold atlas, then there exists a change of charts ω from
(Y˜w(i), Hw(i), χw(i)) to (Y˜j , Hj , χj), such that w˜i(x˜i) ∈ domω. Since ω is a change
of charts, then χj ◦ ω = χw(i). Moreover, since ψ0 is étale (see [MM, Exercise
5.16(4)]), then the map w˜i = ψ0|X˜i is locally a diffeomorphism. Therefore there
exists an open neighborhood X˜ of x˜i, contained in w˜
−1
i (domω), such that w˜i is an
embedding if restricted to X˜. Then ω := ω ◦ w˜i|X˜ is a smooth embedding from
X˜ ⊆ X˜i to Y˜j . Up to restricting X˜ to a smaller neighborhood of x˜i, we can always
assume that X˜ is the domain of a change of charts of X . Moreover, we have
χj ◦ ω = χj ◦ ω ◦ w˜i|X˜ = χw(i) ◦ w˜i|X˜ = w ◦πi|X˜ ,
so ω is a change of charts from (X˜i, Gi,w ◦πi) to (Y˜j , Hj , χj) with x˜i ∈ domω. So
we have proved that the chart (X˜i, Gi,w ◦πi) is compatible with Y for every i ∈ I,
i.e. condition (WE2) holds. 
By combining Lemmas 6.7 and 6.8 we get:
Proposition 6.9. Given any 2 reduced orbifold atlases X ,Y, the bijection
{morphisms [fˆ ] : X → Y in (RedAtl)} −→
−→ {morphisms φ• : F
red
0 (X )→ F
red
0 (Y) in (PEE´ Gpd)}
of Lemma 4.19 induces a bijection between weak equivalences of reduced orbifold
atlases and Morita equivalences of proper, effective, étale groupoids.
Then we are able to compute the right saturation (see Definition 5.4) of the class
WRedAtl of all refinements.
Lemma 6.10. The right saturation WRedAtl,sat is the class of all weak equiva-
lences of reduced orbifold atlases.
Proof. Let us fix any morphism [fˆ ] : Y → X inWRedAtl,sat. By Definition 5.4, this
implies that there are a pair of reduced orbifold atlases U ,Z and a pair of morphisms
[hˆ] : U → Z and [gˆ ] : Z → Y, such that both [fˆ ] ◦ [gˆ ] and [gˆ ] ◦ [hˆ] are refinements
(hence weak equivalences of reduced orbifold atlases). So by Proposition 6.9 we have
that both F red2 ([fˆ ]) ◦ F
red
2 ([gˆ ]) and F
red
2 ([gˆ ]) ◦ F
red
2 ([hˆ]) are Morita equivalences
of étale groupoids. In other terms, the morphism F red2 ([fˆ ]) belongs to the right
saturation of the class WE´ Gpd of Morita equivalences between étale groupoids. So
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by Lemma 5.7 we conclude that actually F red2 ([fˆ ]) is a Morita equivalence. Again
by Proposition 6.9, this implies that [fˆ ] is a weak equivalence of reduced orbifold
atlases. So we have proved that WRedAtl,sat is contained in the set of all weak
equivalences of reduced orbifold atlases. Conversely, let us suppose that [fˆ ] : Y → X
is a weak equivalence. Then by Lemma 6.6 there are a reduced orbifold atlas Z
and a weak equivalence [gˆ ] : Z → Y such that [fˆ ] ◦ [gˆ ] is a refinement. Applying
Lemma 6.6 a second time on [gˆ ], there are a reduced orbifold atlas U and a weak
equivalence [hˆ] : U → Z such that [gˆ ]◦ [hˆ] is a refinement. Therefore, the morphism
[fˆ ] belongs to the right saturation WRedAtl,sat. This suffices to conclude. 
Lemma 6.11. Let us fix any proper, effective, étale groupoid (X1 ⇒
s
t
X0). Then
there are a reduced orbifold atlas X and a Morita equivalence (ψ0, ψ1) : F
red
0 (X )→
(X1 ⇒
s
t
X0).
Proof. Given (X1 ⇒
s
t
X0), the reduced orbifold atlas X is obtained as in the last
part of the proof of Theorem 4.1 in [MP]. In [T1, Lemmas 4.7, 4.8 and 4.9] we
proved that we can define a weak equivalence as required. The proofs in [T1] were
done in the category of complex manifolds, but they can be easily adapted to the
case of smooth manifolds, so we omit the details. 
Lemma 6.12. Let us fix any pair of reduced orbifold atlases X ,Y and any pair
of open embeddings [wˆm] : X → Y for m = 1, 2. Then the following facts are
equivalent:
(a) the underlying topological maps w1 and w2 coincide;
(b) there exists a 2-morphism [δ] : [wˆ1]⇒ [wˆ2] in (RedAtl);
(c) there exists a unique 2-morphism [δ] : [wˆ1]⇒ [wˆ2] in (RedAtl).
In particular, (c) holds if we consider any pair of refinements (or more generally,
any pair of unit weak equivalences).
Proof. Clearly (b) implies (a) by Definitions 1.18 and 1.21 of 2-morphism of reduced
orbifold atlases, so let us prove that (a) implies (b). Let
X :=
{(
X˜i, Gi, πi
)}
i∈I
, Y :=
{(
Y˜j , Hj , χj
)}
j∈J
and let
wˆm :=
(
wm,wm, {w˜mi }i∈I , Pwm , νwm
)
for m = 1, 2
be representatives for [wˆ1] and [wˆ2] respectively, with w1 = w2. By Lemma 6.2,
for each i ∈ I both w˜1i and w˜
2
i are étale. Therefore for each i ∈ I there exists
an open covering {X˜ai }a∈A(i) of X˜i such that both w˜
1
i and w˜
2
i are diffeomorphisms
if restricted to any X˜ai . Up to replacing {X˜
a
i }a∈A(i) by a finer covering, we can
assume that each X˜ai is the domain of a change of charts of X . Since both [wˆ
1] and
[wˆ2] are morphisms in (RedAtl), then for each i ∈ I we have
χw1(i) ◦ w˜
1
i = w
1 ◦πi and χw2(i) ◦ w˜
2
i = w
2 ◦πi = w
1 ◦πi. (6.8)
Then for each i ∈ I and for each a ∈ A(i) we set:
δai := w˜
2
i ◦
(
w˜1i |X˜a
i
)−1
.
By construction, each δai is a diffeomorphisms; moreover, by (6.8) each δ
a
i is a
change of charts in Ch(Y,w1(i),w2(i)). Then it is easy to see that the family
δ := {(X˜ai , δ
a
i )}i∈I,a∈A(i) satisfies properties (2Ma) – (2Me), so [δ] is a 2-morphism
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from [wˆ1] to [wˆ2]. Therefore (a) implies (b).
Since (c) implies (b), we need only to prove the opposite implication. Let us suppose
that there exists another 2-morphism [ δ ] : [wˆ1]⇒ [wˆ2] with representative
δ =
{(
X˜ai , δ
a
i
)}
i∈I,a∈A(i)
.
Let us fix any i ∈ I and any pair (a, a) ∈ A(i) × A(i) such that X˜ai ∩ X˜
a
i 6= ∅.
Then by property (2Mc) for δ and δ, we get that δai coincides with δ
a
i on the set
w˜1i (X˜
a
i ∩ X˜
a
i ); such a set is open because w˜
1
i is étale by Lemma 6.2. Therefore, for
each x˜i ∈ X˜
a
i ∩ X˜
a
i we have
germw˜1i (x˜i) δ
a
i = germw˜1i (x˜i) δ
a
i ,
so [δ] = [ δ ] by Definition 1.21. 
7. The bicategories (RedOrb) and (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
In this section we will prove that the pair ((RedAtl),WRedAtl) admits a right
bicalculus of fractions and we will give a simple description of the associated bi-
category of fractions (RedOrb). We will also recall briefly the description of the
bicategory (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
. In the next section we will prove that such 2
bicategories are equivalent.
Proposition 7.1. The pair ((RedAtl),WRedAtl) admits a right bicalculus of
fractions, so there are a bicategory (RedOrb) := (RedAtl)
[
W−1RedAtl
]
and a
pseudofunctor
UWRedAtl : (RedAtl) −→ (RedOrb)
that sends every refinement of reduced orbifold atlases to an internal equivalence
and that is universal with respect to such a property (see Remark 5.3).
Proof. Condition (BF1) is obviously satisfied and (BF2) is an easy consequence of
the definition of compositions (see Construction 1.14). Let us consider (BF3), so
let us fix any triple of reduced orbifold atlases X ,Y,Z, any refinement [wˆ] : X → Y
and any morphism [fˆ ] : Z → Y. Using Lemmas 6.7 and 4.12 we have that F red1 ([wˆ])
is a Morita equivalence between proper, effective and étale groupoids; moreover we
have proved in Proposition 5.9 that the set WPEE´ Gpd satisfies (BF3). Therefore
there exist a proper, effective, étale Lie groupoid U•, a Morita equivalence ψ
′
•, a
morphism φ′• and a natural transformation α as follows:
U•
F red0 (Z) F
red
0 (Y) F
red
0 (X ).
⇒
α
ψ′•
F red1 ([wˆ])F
red
1 ([fˆ ])
φ′•
By Lemma 6.11 there exist a reduced orbifold atlas U and a Morita equivalence
ψ′′• : F
red
0 (U)→ U•. Lemmas 4.19 and 4.21 prove that there are a pair of morphisms
[vˆ], [gˆ ] and a 2-morphism [θ] in (RedAtl) as follows
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U
Z Y X ,
⇒
[θ]
[vˆ]
[wˆ][fˆ ]
[gˆ]
such that the 2-functor F red maps such a diagram to
F red0 (U)
F red0 (Z) F
red
0 (Y) F
red
0 (X ).
⇒
α ∗ iψ′′•
ψ′•◦ψ
′′
•
F red1 ([wˆ])F
red
1 ([fˆ ])
φ′•◦ψ
′′
•
Now ψ′• ◦ψ
′′
• is a Morita equivalence (see condition (BF2) for the class WE´ Gpd). So
by Lemma 6.8 we have that [vˆ] is a weak equivalence of reduced orbifold atlases. By
Lemma 6.6 there is a reduced orbifold atlas V and a weak equivalence [uˆ] : V → U ,
such that [vˆ] ◦ [uˆ] is a refinement. Then we set
[wˆ′] := [vˆ] ◦ [uˆ], [fˆ ′] := [gˆ ] ◦ [uˆ], [δ] := [θ] ∗ i[uˆ].
By Lemma 3.2(a) we get that [δ] is an invertible 2-morphism, so the data (V , [wˆ′], [fˆ ′],
[δ]) prove that (BF3) holds for WRedAtl.
The proof that (BF4) holds follows the same ideas described for (BF3), so we omit
it. Lastly, let us prove condition (BF5), so let us fix any pair of reduced orbifold
atlases
X :=
{(
X˜i, Gi, πi
)}
i∈I
, Y :=
{(
Y˜j , Hj , χj
)}
j∈J
over X and Y respectively, any pair of morphisms
[wˆm] :=
(
wm,wm, {w˜mi }i∈I , [Pwm , νwm ]
)
: X −→ Y, m = 1, 2
and any 2-morphism
[δ] :=
[{(
X˜ai , δ
a
i
)}
i∈I,a∈A(i)
]
: [wˆ1] =⇒ [wˆ2]
in (RedAtl). Moreover, let us suppose that [wˆ2] is a refinement. This implies that
X = Y , w2 = idX and that every smooth map w˜
2
i is an open embedding. Now let
us fix any i ∈ I, any a ∈ A(i) and any point x˜i in the open set X˜
a
i . By (2Mc) we
have that
w˜1i (x˜i) = (δ
a
i )
−1 ◦ w˜2i (x˜i)
so w˜1i locally coincides with an open embedding, hence w˜
1
i is an étale map. Again
by (2Mc) we get
x˜i = (w˜
2
i )
−1 ◦ δai ◦ w˜
1
i (x˜i).
If we fix any other index a′ ∈ A(i) and any other point x˜′i ∈ X˜
a′
i , then we have also
x˜′i = (w˜
2
i )
−1 ◦ δa
′
i ◦ w˜
1
i (x˜
′
i).
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Therefore, if w˜1i (x˜i) = w˜
1
i (x˜
′
i), then x˜i = x˜
′
i, i.e. w˜
1
i is injective. So we conclude
that the smooth map w˜1i is an open embedding for each i ∈ I, i.e. condition (REF2)
holds for [wˆ1].
By Lemma 6.12 the topological map w1 coincides with w2 = idX , so (REF1) holds.
Therefore, we have proved that (BF5) holds for WRedAtl. 
Remark 7.2. In a similar way we can prove that also the pairs
(a) (RedAtl) together with the class of all unit weak equivalences,
(b) (RedAtl) together with the class of all weak equivalences
satisfy axioms (BF1) – (BF5) (actually, (b) satisfies also the stronger axiom (BF1)′,
see Remark 5.3), so a bicalculus of fractions exists also for (a) and (b), and the
resulting bicategories of fractions are equivalent to (RedOrb) (this is an easy
consequence of [T2, Proposition 2.10] and Lemma 6.10). We prefer to use the class
WRedAtl of refinements instead of (a) or (b) because this leads to a bicategory
(RedOrb) that is easier to describe and that is more close to the geometric intuition
(see below for details).
Lemma 7.3. The set WRedAtl satisfies a “weak 2-out-of-3-property”, i.e. given
any pair of morphisms [fˆ ] : X → Y and [gˆ ] : Y → Z in (RedAtl), we have:
(i) if [fˆ ] and [gˆ ] belong to WRedAtl, then so does [gˆ ] ◦ [fˆ ];
(ii) if [gˆ ] and [gˆ ] ◦ [fˆ ] belong to WRedAtl, then so does [fˆ ].
The sets of unit weak equivalences and of all weak equivalences satisfy both the
(strong) “ 2-out-of-3” property.
Note that if both [fˆ ] and [gˆ ] ◦ [fˆ ] belong to WRedAtl, then in general it is not true
that [gˆ ] belong to WRedAtl (in general one can only prove that [gˆ ] is a unit weak
equivalence).
Proof. (i) is simply (BF2) for the class WRedAtl (see Proposition 7.1). For (ii), let
us suppose that [fˆ ] and [gˆ] are as in (1.3). Since [gˆ ] is a refinement, then Y = Z,
g = idZ and g˜j is an open embedding for each j ∈ J . Since [gˆ] ◦ [fˆ ] is a refinement,
then X = Z, g ◦ f = idZ and g˜f(i) ◦ f˜i is an open embedding for each i ∈ I. From
this we get that f = idX and that f˜i is an open embedding for each i ∈ I, i.e. [fˆ ]
is a refinement.
The last part of the statement can be easily verified directly. For the class of all
weak equivalences, one can also prove it using Lemmas 5.7 and 6.10. 
Corollary 7.4. Let us fix any triple of reduced orbifold atlases X ,Y,Z over the
same topological space X and any pair of refinements
X Y Z.
[wˆ1] [wˆ2]
Then there exists data in (RedAtl) as in the following diagram
U
X Y Z.
⇒
[δ]
[vˆ1]
[wˆ2][wˆ1]
[vˆ2]
(7.1)
such that also [vˆ1] and [vˆ2] are refinements.
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Proof. Let us apply (BF3) forWRedAtl to the pair ([wˆ
1], [wˆ2]) (where [wˆ1] is simply
considered as a morphism of reduced orbifold atlases). Then we get a diagram as
(7.1), with [vˆ1] refinement. Using (BF2) for ((RedAtl),WRedAtl) we get that
[wˆ1]◦[vˆ1] is a refinement, hence by (BF5) (applied to [δ]−1) we get that also [wˆ2]◦[vˆ2]
is a refinement. By Lemma 7.3(ii), this implies that also [vˆ2] is a refinement. 
Corollary 7.5. Given any pair of reduced orbifold atlases X 1 and X 2 over the
same topological space X, the following facts are equivalent:
(1 ) there are a topological space Y , a reduced orbifold atlas X over Y and weak
equivalences
X 1 X X 2,
[wˆ1] [wˆ2]
(7.2)
such that the underlying topological maps w1 and w2 coincide;
(2 ) there are a reduced orbifold atlas X over X and refinements as in (7.2);
(3 ) X 1 is equivalent to X 2.
Proof. Let us suppose that (1) holds; then (2) holds by Lemma 6.6. If (2) holds,
then by (REF2) we have [X 1] = [X ] = [X 2], so (3) holds.
Now let us assume that (3) holds and let us prove (1). So let us assume that X 1
and X 2 are equivalent atlases. Therefore, for m = 1, 2 we can consider the inclusion
ιXm of X
m in the common maximal atlas Xmax (see Definition 1.13). Both maps
are refinements, therefore by Corollary 7.4 there are a reduced orbifold atlas X and
a pair of refinements (hence, of weak equivalences) as in (7.2), so (1) holds. 
Remark 7.6. For the explicit description of the bicategory of fractions (RedOrb)
and of the pseudofunctor UWRedAtl , we refer mainly to the original construction
in [Pr] or to our previous paper [T2], where we have explained how to simplify the
construction of associators and compositions of 2-morphisms in any bicategory of
fractions. As it is stated in [Pr], bicategories of fractions are unique only up to
weak equivalences of bicategories. In order to describe explicitly one such bicate-
gory, one has to make some choices as in the following description. By [Pr, Theo-
rem 21], different choices will give equivalent bicategories of fractions where objects,
1-morphisms and 2-morphisms are the same, but compositions of 1-morphisms and
2-morphisms are (possibly) different.
Description 7.7. Following [Pr, § 2.2, 2.3 and 2.4], the bicategory (RedOrb) and
the pseudofunctor UWRedAtl can be described as follows.
• The objects of (RedOrb) are exactly the objects of (RedAtl), i.e. all the
reduced orbifold atlases according to Definition 1.5.
• Given any pair of reduced orbifold atlasesX ,Y, the 1-morphisms in (RedOrb)
from the first atlas to the second one consist of all the triples (X ′, [wˆ], [fˆ ]) where
X ′ is any reduced orbifold atlas, [wˆ] is any refinement (see Definition 6.1) and
[fˆ ] is any morphism of reduced orbifold atlases (see Definition 1.11), as follows
X X ′ Y
[wˆ] [fˆ ]
(in particular, using Corollary 7.5, we have that X ′ is equivalent to X ). In other
terms, a morphism in (RedOrb) from X to Y consists firstly in replacing X
with a “refined” atlas X ′ (keeping track of the refinement), then by considering
a usual morphism of (RedAtl) from X ′ to Y.
A BICATEGORY OF REDUCED ORBIFOLDS - I 43
• Given any pair of objects X ,Y and any pair of morphisms (Xm, [wˆm], [fˆm]) :
X → Y for m = 1, 2, according to the construction of bicategories of fractions
in [Pr, § 2.3], a 2-morphism from (X 1, [wˆ1], [fˆ1]) to (X 2, [wˆ2], [fˆ2]) is an equi-
valence class of data (X 3, [vˆ1], [vˆ2], [µ], [δ]) in (RedAtl) as follows:
X
X 1
X 3 Y,
X 2
⇓ [δ]⇓ [µ]
[wˆ2]
[wˆ1]
[fˆ2]
[fˆ1]
[vˆ1]
[vˆ2]
(7.3)
such that [wˆ1]◦[vˆ1] is a refinement (in [Pr] it is also required that [µ] is invertible,
but this property is automatically satisfied by Lemma 3.2). Any other set of
data
X
X 1
X ′3 Y,
X 2
⇓ [δ′]⇓ [µ′]
[wˆ2]
[wˆ1]
[fˆ2]
[fˆ1]
[vˆ′1]
[vˆ′2]
(with [wˆ1] ◦ [vˆ′1] refinement) represents the same 2-morphism in (RedOrb) if
and only if there is a set of data (X 4, [zˆ], [zˆ′], [σ1], [σ2]) as follows:
X 1
X ′3 X 4 X 3,
X 2
⇐
[σ2]
⇒
[σ1]
[vˆ′2]
[zˆ]
[vˆ2]
[vˆ′1]
[zˆ′]
[vˆ1]
(7.4)
such that [wˆ1] ◦ [vˆ1] ◦ [zˆ] is a refinement,(
i[fˆ2] ∗ [σ
2]
)
⊙
(
[δ] ∗ i[zˆ]
)
⊙
(
i[fˆ1] ∗ [σ
1]
)
= [δ′] ∗ i[zˆ′] (7.5)
and (
i[wˆ2] ∗ [σ
2]
)
⊙
(
[µ] ∗ i[zˆ]
)
⊙
(
i[wˆ1] ∗ [σ
1]
)
= [µ′] ∗ i[zˆ′]. (7.6)
We denote by[
X 3, [vˆ1], [vˆ2], [µ], [δ]
]
:
(
X 1, [wˆ1], [fˆ1]
)
=⇒
(
X 2, [wˆ2], [fˆ2]
)
(7.7)
the class of any such data (we refer to Lemma 7.8 below for a slightly simplified
description of 2-morphisms).
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• For the composition of 1-morphisms in (RedOrb) we have to do a pre-
liminary step as follows: for every pair of morphisms in (RedAtl)
X ′ Y Y ′
[fˆ ] [vˆ]
(7.8)
with [vˆ] refinement, using the axiom of choice we choose any reduced orbifold
atlas X ′′, any pair of morphisms [vˆ′], [fˆ ′] in (RedAtl) with [vˆ′] refinement and
any 2-morphism [δ] in (RedAtl) as follows
X ′′
X ′ Y ′.Y
[δ]
⇒
[vˆ]
[fˆ ′]
[fˆ ]
[vˆ′]
(7.9)
Such a choice is always possible by (BF3) (see Proposition 7.1) but in general it
is not unique. By [Pr, § 2.2] we only have to force such a choice in the following
special cases:
(a) whenever (7.8) is such that Y = X ′ and [fˆ ] = idY , then we have to choose
X ′′ := Y ′, [fˆ ′] := idY′ , [vˆ
′] := [vˆ] and [δ] := i[vˆ];
(b) whenever (7.8) is such that Y = Y ′ and [vˆ] = idY , then we have to choose
X ′′ := X ′, [fˆ ′] := [fˆ ], [vˆ′] := idX ′ and [δ] := i[fˆ ].
Having fixed any set of such choices, given any pair of morphisms in (RedOrb)
as follows:
X X ′ Y
[wˆ] [fˆ ]
Y Y ′ Z
[vˆ] [gˆ]
(with both [wˆ] and [vˆ] refinements), we use the fixed choice (7.9) and we set
(
Y ′, [vˆ], [gˆ ]
)
◦
(
X ′, [wˆ], [fˆ ]
)
:=
(
X ′′, [wˆ] ◦ [vˆ′], [gˆ ] ◦ [fˆ ′]
)
: X −→ Z.
In this way in general the composition of morphisms in (RedOrb) is associative
only up to canonical 2-isomorphisms, so (RedOrb) is a bicategory but not a
2-category.
• We omit the construction of the vertical and horizontal compositions for
2-morphisms (for details we refer to the original constructions in any bicate-
gory of fractions, as described in [Pr, § 2.3], or to the simplified version given in
our previous paper [T2]). A priori the construction of such compositions depends
on some additional choices involving axiom (BF4); by [T2, Theorem 0.5] actu-
ally the choices of (7.9) completely determine all the structure of (RedOrb).
We only remark that since each 2-morphism is invertible in (RedAtl), then it is
not difficult to prove that the same property holds in (RedOrb). In particular,
the inverse of any 2-morphism as in (7.7) is given by [X 3, [vˆ2], [vˆ1], [µ]−1, [δ]−1].
• The pseudofunctor UWRedAtl sends each reduced orbifold atlas X to the same
object in (RedOrb). For every morphism [fˆ ] : X → Y we have UWRedAtl([fˆ ]) =
(X , idX , [fˆ ]). For every pair of morphisms [fˆ
m] : X → Y for m = 1, 2 and for
every 2-morphism [δ] : [fˆ1]⇒ [fˆ2] in (RedAtl) we have
UWRedAtl([δ]) =
[
X , idX , idX , iidX , [δ]
]
:
(
X , idX , [fˆ
1]
)
=⇒
(
X , idX , [fˆ
2]
)
.
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As we mentioned above, we can simplify a bit the description of 2-morphisms in
(RedOrb) as follows.
Lemma 7.8. Let us fix any pair of reduced orbifold atlases X ,Y and any pair of
morphisms fm := (Xm, [wˆm], [fˆm]) : X → Y in (RedOrb) for m = 1, 2. Then
any 2-morphism from f1 to f2 in (RedOrb) is completely determined by a set of
data as follows:
(a) a reduced orbifold atlas X 3,
(b) a pair of refinements [vˆm] : X 3 → Xm for m = 1, 2,
(c) a 2-morphism [δ] in (RedAtl) as follows:
X 1
X 3 Y.
X 2
⇓ [δ]
[fˆ2]
[fˆ1]
[vˆ1]
[vˆ2]
(7.10)
Moreover, any set of data as above determines a 2-morphism in (RedOrb); any
other set of data
X 1
X ′3 Y,
X 2
⇓ [δ′]
[fˆ2]
[fˆ1]
[vˆ′1]
[vˆ′2]
(7.11)
(with [vˆ′1] and [vˆ′2] refinements) determines the same 2-morphism as (7.10) if and
only if there are a reduced orbifold atlas X 4 and a pair of refinements
X ′3 X 4 X 3,
[zˆ′] [zˆ]
(7.12)
such that (
i[fˆ2] ∗ [σ
2]
)
⊙
(
[δ] ∗ i[zˆ]
)
⊙
(
i[fˆ1] ∗ [σ
1]
)
= [δ′] ∗ i[zˆ′], (7.13)
where [σ1], [σ2] are the unique 2-morphisms filling diagram (7.4) (existence and
uniqueness are a consequence of Lemma 6.12). Therefore, from now on we will
denote each 2-morphism in (RedOrb) from f1 to f2 as a class [X 3, [vˆ1], [vˆ2], [δ]],
where the class of equivalence is the one induced by saying that(
X 3, [vˆ1], [vˆ2], [δ]
)
∼
(
X ′3, [vˆ′1], [vˆ′2], [δ′]
)
if and only if there are data (X 4, [zˆ], [zˆ′]) as above, such that (7.13) holds.
Proof. Let us fix any 2-morphism in (RedOrb) represented by a set of data as
in (7.3). Since each fm is a morphism in (RedOrb), then [wˆ1] and [wˆ2] are
refinements. Moreover also [wˆ1] ◦ [vˆ1] is a refinement, so by Lemma 7.3 we have
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that [vˆ1] is a refinement. Using (BF5) for (RedAtl) on [µ]−1, also [wˆ2]◦ [vˆ2] is also
a refinement, so again by Lemma 7.3 we conclude that [vˆ2] is a refinement, so we
have obtained a set of data as in (a) – (c). Conversely, let us fix any set of data as
in (a) – (c). Then by (BF2) for (RedAtl) we get that [wˆm] ◦ [vˆm] is a refinement
for each m = 1, 2. So by Lemma 6.12 there is a unique 2-morphism
[µ] : [wˆ1] ◦ [vˆ1] =⇒ [wˆ2] ◦ [vˆ2].
This proves that each set of data (a) – (c) completely determines a set of data as
in (7.3), hence a 2-morphism from f1 to f2 in (RedOrb).
Now let us fix any other set of data as in (7.11) and let us denote by
[µ′] : [wˆ1] ◦ [vˆ′1] =⇒ [wˆ2] ◦ [vˆ′2]
the unique 2-morphism in (RedAtl) determined by Lemma 6.12. By Descrip-
tion 7.7, the 2-morphisms[
X 3, [vˆ1], [vˆ2], [µ], [δ]
]
and
[
X ′3, [vˆ′1], [vˆ′2], [µ′], [δ′]
]
coincide if and only if there are data (X 4, [zˆ], [zˆ′], [σ1], [σ2]) as in (7.4), such that
[wˆ1]◦[vˆ1]◦[zˆ] is a refinement and (7.5) and (7.6) hold. Since [wˆ1]◦[vˆ1] is a refinement,
by Lemma 7.3 we conclude that [zˆ] is a refinement. Using (BF5) for (RedAtl) on
[σ1], we conclude that also [vˆ′1] ◦ [zˆ′] is a refinement. Again by Lemma 7.3, this
implies that [zˆ′] is a refinement.
Conversely, let us suppose that there are a reduced orbifold atlas X 4 and a pair of
refinements [zˆ] and [zˆ′] as in (7.12), such that (7.13) holds. Then (7.6) is automa-
tically satisfied: indeed it is an equality between 2-morphisms having sources and
target given by refinements, and Lemma 6.12 applies. This suffices to conclude. 
Description 7.9. A description analogous to Description 7.7 holds for the bicate-
gory (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
and for the pseudofunctor UW
PEE´ Gpd
defined in (5.4).
The objects of that bicategory are proper, effective, étale Lie groupoids; given X•
and Y•, a morphism from the first object to the second one is given by any data as
follows, with ψ• Morita equivalence:
X• X
′
• Y•.
ψ• φ•
Given any pair of morphisms in (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
(
X
m
• , ψ
m
• , φ
m
•
)
: X• −→ Y• for m = 1, 2,
using [PS, Lemma 8.1] a 2-morphism from the first morphism to the second one is
any equivalence class of data (X 3• , ξ
1
• , ξ
2
• , µ, δ) in (PEE´ Gpd) as follows
X•
X 1•
X 3• Y•,
X 2•
⇓ δ⇓ µ
φ2•
φ1•
ξ1•
ξ2•
ψ1•
ψ2•
(7.14)
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such that both ξ1• and ξ
2
• are Morita equivalences (a priori we should also impose
that µ is invertible, but this is always verified since each natural transformation is
invertible in (LieGpd)). The equivalence relation on the set of data of the form
(X 3• , ξ
1
• , ξ
2
• , µ, δ) is analogous to the one given in Description 7.7, so we omit it.
In the next pages we will also need the following simplified description of 2-morphisms
in (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
.
Lemma 7.10. Let us fix any 2 proper, effective, étale groupoids X•,Y• and any
pair of morphisms gm := (X m• , ψ
m
• , φ
m
• ) : X• → Y• in (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
for m = 1, 2. Then any 2-morphism from g1 to g2 in (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
is
completely determined by a set of data as follows:
(a) a proper, effective and étale groupoid X 3• ,
(b) a pair of Morita equivalences ξm• : X
3
• → X
m
• for m = 1, 2, such that |ψ
1
•| ◦
|ξ1• | = |ψ
2
•| ◦ |ξ
2
• | (see Remark 4.6),
(c) a 2-morphism α in (PEE´ Gpd) as follows:
X 1•
X 3• Y•.
X•
⇓ α
φ2•
φ1•
ξ1•
ξ2•
(7.15)
Moreover, any set of data as above determines a 2-morphism in the bicategory
(PEE´ Gpd)
[
W−1
PEE´ Gpd
]
; any other set of data
X 1•
X ′3• Y•.
X•
⇓ α′
φ2•
φ1•
ξ′1•
ξ′2•
(with ξ′1• and ξ
′2
• Morita equivalences such that |ψ
1
• | ◦ |ξ
′1
• | = |ψ
2
•| ◦ |ξ
′2
• |) determines
the same 2-morphism as (7.15) if and only if there are a proper, effective and étale
groupoid X 4• and a pair of Morita equivalences
X
′3
• X
4
• X
3
• ,
γ′• γ•
(7.16)
such that |ξ1• | ◦ |γ•| = |ξ
′1
• | ◦ |γ
′
•| and(
iφ2• ∗ β
2
)
⊙
(
α ∗ iγ•
)
⊙
(
iφ1• ∗ β
1
)
= α ∗ iγ′• , (7.17)
where each β1 is the unique natural transformation from ξ′1• ◦ γ
′
• to ξ
1
• ◦ γ• and β
2
is the unique natural transformation from ξ2• ◦ γ• to ξ
′2
• ◦ γ
′
•. Therefore, from now
on we will denote each 2-morphism in (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
from g1 to g2 as
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the class [X 3• , ξ
1
• , ξ
2
• , α], where the class of equivalence is the one induced by saying
that (
X
3
• , ξ
1
• , ξ
2
• , α
)
∼
(
X
′3
• , ξ
′1
• , ξ
′2
• , α
′
)
if and only if there are data (X 4• , γ•, γ
′
•) as above, such that (7.17) holds.
Proof. The proof of this result follows the same lines of the proof of Lemma 7.8. The
only significant difference is that we use Lemma 5.6 instead of Lemma 6.12: this
allows to prove the existence and uniqueness of a 2-morphism β1 : ξ′1• ◦γ
′
• ⇒ ξ
1
• ◦γ•
as desired. For the existence and uniqueness of the 2-morphism β2, one proceeds
as follows: using Lemma 5.6 and (b), we have that
|ψ2• | ◦ |ξ
2
• | ◦ |γ•| = |ψ
1
•| ◦ |ξ
1
• | ◦ |γ•|;
moreover, using the hypothesis we have
|ψ1• | ◦ |ξ
1
• | ◦ |γ•| = |ψ
1
•| ◦ |ξ
′1
• | ◦ |γ
′
•|
and
|ψ1• | ◦ |ξ
′1
• | ◦ |γ
′
•| = |ψ
2
•| ◦ |ξ
′2
• | ◦ |γ
′
•|.
Since |ψ2• | is an homeomorphism (see Lemma 5.5), then the previous 3 identities
imply that |ξ2• | ◦ |γ•| = |ξ
′2
• | ◦ |γ
′
•|; then the existence and uniqueness of β
2 is again
a consequence of Lemma 5.6. 
8. The pseudofunctor G red
Now we are almost ready to describe the pseudofunctor G red mentioned in the
Introduction. For that, we will only need the following result.
Theorem 8.1. [T3, Theorem 0.3 and Remark 3.2 in the case when A and B are
2-categories] Let us fix any pair of 2-categories A ,B and any pair of classes WA
and WB of morphisms in A and B respectively, such that both (A ,WA ) and
(B,WB) satisfy conditions (BF). Let us also fix any pseudofunctor F : A → B
such that F1(WA ) ⊆ WB,sat and let us assume the axiom of choice. Then there
is a pseudofunctor
G˜ : A
[
W−1
A
]
−→ B
[
W−1
B,sat
]
such that:
• UWB,sat ◦ F = G˜ ◦ UWA ;
• for each object AA , we have G˜0(AA ) = F0(AA );
• for each morphism (A′
A
,wA , fA ) : AA → BA in A
[
W−1
A
]
, we have
G˜1
(
A′A ,wA , fA
)
=
(
F0(A
′
A ),F1(wA ),F1(fA )
)
;
• for each 2-morphism[
A3A , v
1
A , v
2
A , µA , δA
]
:
(
A1A ,w
1
A , f
1
A
)
=⇒
(
A2A ,w
2
A , f
2
A
)
in A
[
W−1
A
]
, we have
G˜2
([
A3A , v
1
A , v
2
A , µA , δA
])
=
[
F0(A
3
A ),F1(v
1
A ),F1(v
2
A ),F2(µA ),F2(δA )
]
.
Then we have:
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Proposition 8.2. If we assume the axiom of choice, there is a pseudofunctor
G red : (RedOrb) −→ (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
such that:
(1 ) for each reduced orbifold atlas X , G red0 (X ) = F
red
0 (X );
(2 ) for each morphism (X ′, [wˆ], [fˆ ]) : X → Y in (RedOrb), we have
G red1
(
X ′, [wˆ], [fˆ ]
)
=
(
F red0 (X ),F
red
1 ([wˆ]),F
red
1 ([fˆ ])
)
;
(3 ) for each 2-morphism[
X 3, [vˆ1], [vˆ2], [δ]
]
:
(
[X 1, [wˆ1], [fˆ1]
)
=⇒
(
X 2, [wˆ2], [fˆ2]
)
in (RedOrb), we have
G red2
([
[X 3, [vˆ1], [vˆ2], [δ]
])
=
[
F red0 (X
3),F red1 ([vˆ
1]),F red1 ([vˆ
2]),F red2 ([δ])
]
.
Moreover, we have UW
PEE´ Gpd
◦ F red = G red ◦ UWRedAtl .
Proof. Let us apply Theorem 8.1 with A := (RedAtl), WA := WRedAtl (i.e. all
refinements of reduced orbifold atlases), B := (PEE´ Gpd), WB := WPEE´ Gpd (i.e.
all Morita equivalences of proper, effective, étale groupoids) and F := F red. We
recall that by Lemma 5.7 we have WB,sat = WPEE´ Gpd. Given any refinement [wˆ],
by Proposition 6.9 we have that F red1 ([wˆ]) is a Morita equivalence, so we are in
the hypothesis of Theorem 8.1. Then the claim follows at once using Lemmas 7.8
and 7.10 for the description of G red2 . 
In addition, we recall the following result. For the more general form of this state-
ment, we refer to [T4, Theorem 0.2]. We state such a result here only in the special
framework where:
• A and B are 2-categories and F is a 2-functor (also known as strict pseudo-
functor), i.e. it preserves compositions and identities;
• UWB ◦ F = G ◦ UWA and the natural equivalence κ appearing in [T4, Theo-
rem 0.2] is the 2-identity of UWB ◦ F .
Theorem 8.3. [T4] Let us fix any pair of 2-categories A , B and any pair of classes
of morphisms WA , WB, such that both (A ,WA ) and (B,WB) satisfy conditions
(BF). Moreover, let us fix any 2-functor F : A → B, such that F1(WA ) ⊆WB,sat.
In addition, let us suppose that there is a pseudofunctor G : A
[
W−1
A
]
→ B
[
W−1
B
]
such that UWB ◦ F = G ◦ UWA , and let us assume the axiom of choice. Then G is
an equivalence of bicategories if and only if F satisfies the following 5 conditions.
(A1 ) For any object AB, there are a pair of objects AA and A
′
B
and a pair of
morphisms w1
B
in WB and w
2
B
in WB,sat, as follows:
F0(AA ) A
′
B AB.
w1
B
w2
B
(A2 ) Let us fix any triple of objects A1
A
, A2
A
, AB and any pair of morphisms w
1
B
in WB and w
2
B
in WB,sat as follows
F0(A
1
A
) AB F0(A
2
A
).
w1
B
w2
B
Then there are an object A3
A
, a pair of morphisms w1
A
in WA and w
2
A
in
WA ,sat as follows
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A1
A
A3
A
A2
A
w1
A
w2
A
and a set of data (A′
B
, z1
B
, z2
B
, γ1
B
, γ2
B
) as follows
AB
A′
BF0(A
1
A
) F0(A
2
A
),
F0(A
3
A
)
⇓ γ2
B
⇓ γ1
B
F1(w
2
A
)
w2
B
z1
B
z2
B
F1(w
1
A
)
w1
B
such that z1
B
belongs to WB and both γ
1
B
and γ2
B
are invertible.
(A3 ) Let us fix any pair of objects BA , AB and any morphism fB : AB →
F0(BA ). Then there are an object AA , a morphism fA : AA → BA and
data (A′
B
, v1
B
, v2
B
, αB) as follows
AB
A′
B
F0(BA ),
F0(AA )
⇓ αB
F1(fA )
fBv1B
v2
B
with v1
B
in WB, v
2
B
in WB,sat and αB invertible.
(A4 ) Let us fix any pair of objects AA , BA , any pair of morphisms f
1
A
, f2
A
: AA →
BA and any pair of 2-morphisms γ
1
A
, γ2
A
: f1
A
⇒ f2
A
. Moreover, let us fix any
object A′
B
and any morphism zB : A
′
B
→ F0(AA ) in WB. If F2(γ
1
A
)∗ izB =
F2(γ
2
A
) ∗ izB , then there are an object A
′
A
and a morphism zA : A
′
A
→ AA
in WA , such that γ
1
A
∗ izA = γ
2
A
∗ izA .
(A5 ) Let us fix any triple of objects AA , BA , AB, any pair of morphisms f
1
A
, f2
A
:
AA → BA , any morphism vB : AB → F0(AA ) in WB and any 2-morphism
F0(AA )
AB F0(BA ).
F0(AA )
⇓ αB
vB
vB
F1(f
1
A
)
F1(f
2
A
)
Then there are a pair of objects A′
A
, A′
B
, a triple of morphisms vA : A
′
A
→
AA in WA , zB : A
′
B
→ F0(A
′
A
) in WB and z
′
B
: A′
B
→ AB, a 2-morphism
AA
A′
A BA
AA
⇓ αA
vA
vA
f1
A
f2
A
and an invertible 2-morphism
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F0(A
′
A
)
A′
B
F0(AA ),
AB
⇓ σB
zB
z′
B
F1(vA )
vB
such that αB ∗ iz′
B
coincides with the following composition:
AB F0(AA )
A′
B
F0(A
′
A
) F0(BA ).
AB F0(AA )
⇓ F2(αA )
⇓ σB
⇓ (σB)
−1
z′
B
vB
F1(vA )
z′
B
zB
F1(f
2
A
)
F1(vA )
F1(f
1
A
)
vB
Then we have:
Theorem 8.4. The pseudofunctor G red described in Proposition 8.2 (using the
axiom of choice) is an equivalence of bicategories.
Proof. Let us verify condition (A1), so let us fix any X• in (PEE´ Gpd); using
Lemma 6.11 there are a reduced orbifold atlas X and a Morita equivalence ψ• :
F red0 (X )→ X•. Therefore, (A1) holds if we choose the following set of data:
F red0 (X ) F
red
0 (X ) X•.
id
F red
0
(X) ψ•
Let us consider (A2), so let us fix any pair of reduced orbifold atlases X 1,X 2 and
any X• in (PEE´ Gpd), together with any pair of Morita equivalences as follows:
F red0 (X
1) X• F
red
0 (X
2).
ψ1• ψ
2
•
By Lemma 6.11 there are a reduced orbifold atlas Y and a Morita equivalence
φ• : F
red
0 (Y) → X•. By Proposition 6.9 there is a weak equivalence [vˆ] : Y → X
1,
such that F red1 ([vˆ]) = ψ
1
• ◦ φ•. Since [vˆ] a weak equivalence, then by Lemma 6.6
there are a reduced orbifold atlas X 3 and a weak equivalence [uˆ] : X 3 → Y, such
that the morphism
[wˆ1] = [vˆ] ◦ [uˆ] : X 3 −→ X 1
is a refinement. We set ξ• := F1([uˆ]); this morphism is a Morita equivalence by
Lemma 6.7 and we have
F red1 ([wˆ
1]) = ψ1• ◦ φ• ◦ ξ•.
Again by Proposition 6.9 there is a unique weak equivalence [wˆ2] : X 3 → X 2, such
that
F red1 ([wˆ
2]) = ψ2• ◦ φ• ◦ ξ•.
By Lemma 6.10, we have that [wˆ2] belongs to the right saturation of WRedAtl.
Then (A2) is satisfied by the following set of data
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X•
F red0 (X
3)F red0 (X
1) F red0 (X
2).
F red0 (X
3)
⇓ iF red1 ([wˆ2])⇓ iF red1 ([wˆ1])
F red1 ([wˆ
2])
ψ2•
φ•◦ξ•
id
F red0 (X
3)
F red1 ([wˆ
1])
ψ1•
Let us consider (A3), so let us fix any reduced orbifold atlas Y, any object X•
in (PEE´ Gpd) and any morphism φ• : X• → F
red
0 (Y). By Lemma 6.11 there
are a reduced orbifold atlas X and a Morita equivalence ψ• : F
red
0 (X ) → X•. By
Lemma 4.19 there is a unique morphism [fˆ ] : X → Y, such that F red0 ([fˆ ]) = φ•◦ψ•.
Then (A3) is easily verified with A′
B
:= F red0 (X ), v
1
B
:= ψ• and v
2
B
:= idF red0 (X ).
Let us consider (A4), so let us fix any pair of reduced orbifold atlases X ,Y, any pair
of morphisms [fˆ1], [fˆ2] : X → Y and any pair of 2-morphisms [γ1], [γ2] : [fˆ1]⇒ [fˆ2]
in (RedAtl). Moreover, let us fix any object X• in (PEE´ Gpd) and any Morita
equivalence ψ• : X• → F
red
0 (X ), such that
F red2 ([γ
1]) ∗ iψ• = F
red
2 ([γ
2]) ∗ iψ• . (8.1)
By Lemma 6.11 there are a reduced orbifold atlas Z and a Morita equivalence φ• :
F red0 (Z)→ X•. By Proposition 6.9 there is a unique weak equivalence [uˆ] : Z → X
such that F red1 ([uˆ]) = ψ• ◦ φ•. By Lemma 6.6 there are a reduced orbifold atlas U
and a weak equivalence [vˆ] : U → Z, such that [zˆ] := [uˆ] ◦ [vˆ] is a refinement. So:
F red2
(
[γ1] ∗ i[zˆ]
)
= F red2 ([γ
1]) ∗ iψ•◦φ•◦F red1 ([vˆ])
(8.1)
=
(8.1)
= F red2 ([γ
2]) ∗ iψ•◦φ•◦F red1 ([vˆ]) = F
red
2
(
[γ2] ∗ i[zˆ]
)
.
By Lemma 4.21, this implies that [γ1] ∗ i[zˆ] = [γ
2] ∗ i[zˆ], so (A4) holds.
Lastly, let us prove (A5), so let us fix any pair of reduced orbifold atlases X ,Y, any
object X• in (PEE´ Gpd), any pair of morphisms [fˆ
1], [fˆ2] : X → Y, any Morita
equivalence ψ• : X• → F
red
0 (X ) and any natural transformation α : F
red
1 ([fˆ
1]) ◦
ψ• ⇒ F
red
1 ([fˆ
2]) ◦ ψ•. By Lemma 6.11 there are a reduced orbifold atlas Z and a
Morita equivalence φ• : F
red
0 (Z)→ X•. By Proposition 6.9 there is a unique weak
equivalence [uˆ] : Z → X such that F red1 ([uˆ]) = ψ• ◦ φ•. By Lemma 6.6, there are a
reduced orbifold atlas X ′ and a weak equivalence [vˆ] : X ′ → Z, such that [uˆ] ◦ [vˆ]
is a refinement. Then let us consider the 2-morphism
α ∗ iφ•◦F red1 ([vˆ]) : F
red
1 ([fˆ
1] ◦ [uˆ] ◦ [vˆ]) =⇒ F red1 ([fˆ
2] ◦ [uˆ] ◦ [vˆ]). (8.2)
By Lemma 4.21 there is a unique 2-morphism
[δ] : [fˆ1] ◦ [uˆ] ◦ [vˆ] =⇒ [fˆ2] ◦ [uˆ] ◦ [vˆ]
in (RedAtl), such that F red2 ([δ]) is equal to (8.2). Then (A5) is satisfied if we
choose A′
A
:= X ′, A′
B
:= F red0 (X
′), vA := [uˆ] ◦ [vˆ] : X
′ −→ X , zB := idF red0 (X ′),
z′B := φ• ◦ F
red
1 ([vˆ]) : F0(X
′) −→ X•
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(this is a Morita equivalence because composition of Morita equivalences), αA := [δ]
and if we define σB as the 2-identity of
F red1 ([uˆ] ◦ [vˆ]) = ψ• ◦ φ• ◦ F
red
1 ([vˆ]).

Remark 8.5. As we said in the Introduction, (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
is the bica-
tegory of reduced differentiable orbifolds in the language of Lie groupoids; so the
previous theorem proves that the bicategory (RedOrb) just defined is the first
known bicategory of reduced orbifolds in the language of reduced orbifold atlases.
Compared to (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
, the main advantage of (RedOrb) for diffe-
rential geometers is the fact that all the definitions used for the construction of such
a bicategory do not require any knowledge of Lie groupoids or differentiable stacks,
but they use only the notion of reduced orbifold atlases, local lifts and changes of
charts.
9. An equivalence between (RedOrb) and the 2-category of
effective orbifolds described in terms of differentiable stacks
As we mentioned in the introduction, a very convenient way to define a 2-category
of orbifolds is by exhibiting it as a full 2-subcategory of the 2-category of C∞-stacks
(these are called “differentiable stacks” in several papers, see for example [Pr]). For
the Grothendieck topology used for such stacks, we refer to [J2, Definition 8.1]. A
C∞-stack is called an orbifold (see [J2, Definition 9.25]) if it is equivalent to the
stack [X1 ⇒
s
t
X0] associated to a proper, étale groupoid (X1 ⇒
s
t
X0). In parti-
cular (see again [J2, Definition 9.25]) every orbifold is a separated, locally finitely
presented Deligne-Mumford C∞-stack. An orbifold X is called effective or reduced
(see [J1, Definition 1.9.4]) if for every point [x] ∈ Xtop there exists a linear effec-
tive action of G := IsoX([x]) on some R
n, a G-invariant open neighborhood X˜ of
0 in Rn and a 1-morphism i : [X˜/G] → X, which is an equivalence with an open
neighborhood of x in X with itop(0) = [x] (if X is not effective, we are in the same
setup but the action of each G is not required to be effective). Equivalently, an
orbifold is effective if and only if it is associated to a proper, étale, effective groupoid.
According to [J2] we write (Orb) and (Orbeff ) for the full 2-subcategories of orbi-
folds, respectively of effective orbifolds, in the 2-category of C∞-stacks (or, equiv-
alently, in the 2-category of Deligne-Mumford C∞-stacks). We recall that by [Pr,
Corollary 43] there is an equivalence of bicategories
H˜ : (E´ Gpd)
[
W−1
E´ Gpd
]
−→ (C∞-Stacks)
and that by [J2, Theorem 9.26] there is an equivalence of bicategories induced by
H˜:
H : (PE´ Gpd)
[
W−1
PE´ Gpd
]
−→ (Orb).
Therefore we get easily that there is also is an equivalence of bicategories induced
by H:
H red : (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
−→ (Orbeff ).
By considering the composition:
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(RedOrb) (PEE´ Gpd)
[
W−1
PEE´ Gpd
]
(Orbeff )
G red H red
we conclude by Theorem 8.4 that:
Theorem 9.1. Assuming the axiom of choice, there is an equivalence between the
bicategory (RedOrb) and the 2-category (Orbeff ) of effective orbifolds described
as a full 2-subcategory of the 2-category of C∞-Deligne-Mumford stacks.
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